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Abstract. In this paper, we first establish a i^-theory version of the equivariant 
family index theorem for a circle action, then use it to prove several rigidity and vanish- 
ing theorems on the equivariant i^-theory level. 

Introduction. In [W], Witten considered the indices of elliptic operators on 
the free loop space CM of a spin manifold M. In particular the index of the formal 
signature operator on the loop space is exactly the elliptic genus of Landweber-Stong 
[LS]. Motivated by physics, Witten made the conjectures about the rigidity of these 
elliptic operators which says that their ^-equivariant indices on M are independent of 
g G S 1 . See [L] for the history of the subject. 

These conjectures were proved by Taubes [T], Bott-Taubes [BT], and by Hirzebruch 
[H] and Krichever [K]. Many aspects of mathematics are involved in their proofs. Taubes 
used analysis of Fredholm operators and Witten's interpretation of the Atiyah-Bott- 
Segal-Singer Lefschetz fixed point formula; Krichever used cobordism; Bott and Taubes 
and Hirzebruch used the Atiyah-Bott-Segal-Singer Lefschetz fixed point formula. In 
[Liul], it was observed that these rigidity theorems are consequences of their modular 
invariance. This allowed Liu ([Liul, 2]) to give a simple and unified proof, as well as 
various further generalizations, of the above conjectures of Witten. In particular, several 
new vanishing theorems were found in [Liul, 2]. 

In many situations in geometry, it is rather natural and necessary to generalize the 
above rigidity and vanishing theorems to the family case. For example, to use elliptic 
operators to study the fundamental groups of a manifold, one can reduce the question 
to a problem involving a family of elliptic operators. In [LiuMal] and [LiuMa2], Liu 
and Ma proved several family rigidity and vanishing theorems. Such theorems contain 
higher level vanishing terms which will be useful for our understanding of the relationship 
between group actions and fundamental groups. 

To be more precise, let M, B be two compact smooth manifolds, and 7r : M — ► B 
be a smooth fibration with compact fibre X. Assume that a compact Lie group G acts 
fiberwise on M, that is, the action preserves each fiber of tt. Let P be a family of G- 
equivariant elliptic operators along the fiber X. Then the family index of P, in the sense 
of Atiyah and Singer [AS], 

(0.1) Ind(P) = KerP - CokerP G K G {B), 

is well-defined. Note that Ind(P) is a virtual G-representation. Let G denote the space 
of all complex irreducible representations of G. By [S, Proposition 2.2], we have 

(0.2) Ind(P) = © Veg Hom G (V, Ind(P)) ® V 
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with Hom G (V,Ind(P)) G K(B). We denote by (Ind(P)) G e A(P) the G-invariant part 
of Ind(P). 

A family of elliptic operator P is said to be rigid on the equivariant Chern character 
level with respect to this G- action, if the equivariant Chern character ch 9 (Ind(P)) e 
H*(B) is independent of g e G. If ch 9 (Ind(P)) is identically zero for any g, then we 
say P has vanishing property on the equivariant Chern character level. More generally, 
we say that P is rigid on the equivariant K -theory level, if Ind(P) = (Ind(P)) G . If this 
index is identically zero in K G (B), then we say that P has vanishing property on the 
equivariant K -theory level. To study rigidity and vanishing properties of Ind(P), it is 
clear that we only need to restrict to the case where G — S 1 . From now on we make the 
assumption that G = S 1 . 

Note that the A-theory level rigidity and vanishing properties are more subtle than 
those on the Chern character level. The reason is that, by taking the Chern character, 
some torsion elements involved in the index bundle might be killed. Such torsion elements 
may appear in the study of fundamental groups, which we hope to pursue in the future. 

In [LiuMal], Liu and Ma proved that the elliptic genera are actually rigid on the 
equivariant Chern character level. Several vanishing theorems for equivariant Chern 
characters of these index bundles are also proved in [LiuMal] . Motivated by the family 
rigidity theorem of [LiuMal, Theorem 2.1], it is rather natural to expect that the 
elliptic genera have rigidity and vanishing properties on the equivariant A-theory level. 
The purpose of the present paper is to show that this is indeed the case. 

To achieve our purpose, we first establish a A-theory version of the equivariant family 
index theorem [LiuMal, Theorem 1.1] for ^-action. However, we are not able to derive 
this formula directly by applying the localization formula in the equivariant A-theory 
as in [ASe], as the localizing process will also kill the torsion element in K 31(B). Here 
instead, we combine the analysis of Wu-Zhang [WuZ, §3], which in turn relies on the 
technique of Bismut-Lebeau [BL], with a deformation trick of Zhang [Z, §2], which allows 
us to avoid the small eigenvalues problem, to establish such a formula. 

To prove the main results of this paper, which are stated in Section 2.1, we will 
introduce some shift operators on certain vector bundles over the fixed point set of the 
circle action, and compare the index bundles after the shift operation. Then we get a 
recursive relation of these index bundles which will in turn lead us to the final result. This 
part is essentially a reformulation of the basic ideas of Taubes [T]. Our main observation 
here is that we can directly do the shift operations on the fixed point set by applying 
the A-theory version of the equivariant family index theorem. In this way, we avoid the 
construction of the Dirac operator on the normal bundle in the loop space, as well as the 
associated analysis on the Fredholm properties of these operators (cf. [T]). Consequently, 
some of the shifting operations we will construct are not the same as that in [T]. This 
simplifies the computation significantly. In fact, in some sense the proof we will present 
may be considered as a rather subtle A-theory version of the proof of Bott-Taubes [BT]. 

In a subsequent paper we will use the method in this paper to prove several rigidity 
and vanishing theorems on the equivariant A-theory level for Spin c -manifolds, and also 
for almost complex manifolds. 

This paper is organized as follows. In Section 1, we prove a A-Theory version of the 
equivariant family index theorem for circle action. In Section 2, we prove the rigidity and 
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vanishing theorems of elliptic genera on the equivariant .fT-theory level. The proofs of 
the main results in Section 2 are based on two intermediate results which will be proved 
in Sections 3 and 4 respectively. 

Some of the results of this paper have been announced in [LiuMaZ]. 
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1 A A-theory version of the equivariant family index theorem 

In this section, we will prove a A-theory version of the equivariant family index theorem 
[LiuMal, Theorem 1.1] for £ -"--action, which will play a crucial role in the following 
sections. As an immediate consequence, we obtain a A-theory version of the famous A- 
vanishing theorem of Atiyah and Hirzebruch [AH] for compact connected spin manifolds 
with non-trivial S^-actions. As was pointed out in the introduction, different from the 
case of the usual index, we can not get the A-theory index formula directly by applying 
the localization formula in equivariant A-theory as in [ASe], as the localizing process 
will kill the torsion element in K 31(B). So the formula we will derive is more precise 
and subtle for the S^-action case. 

This section is organized as follows: In Section 1.1, we state a A-theory version of 
the equivariant family index theorem for S^-action on a family of spin manifolds. In 
Section 1.2, we prove Theorem 1.1 by applying the techniques of [BL, Sections 8, 9], 
[WuZ, Section 3] and a deformation trick in [Z]. In Section 1.3, we generalize Theorem 
1.1 to somewhat more general situation. In particular, we obtain a A-theory version of 
the equivariant family index theorem for ^-action on a family of Spin c Dirac operators. 

1.1 A A-theory version of the equivariant family index theorem 

Let M, B be two compact manifolds, and ir : M — > B a smooth fibration with compact 
fibre A such that dim A = 21. Let TX denote the relative tangent bundle. Let W be a 
complex vector bundle over M and h w an Hermitian metric on W . 

Let h TX be a Riemannian metric on TX and V TX be the corresponding Levi-Civita 
connection on TX along the fibre A. Then the Clifford bundle C(TX) is the bundle 
of Clifford algebras over M whose fibre at x G M is the Clifford algebra C(T X X) of 
(TX,h TX ). 

We assume that the bundle TX is spin over M. Let S(TX) = S + (TX) © S~(TX) 
be the spinor bundle of TX. We denote by c(-) the Clifford action of C(TX) on S(TX). 
Let {ej} be an oriented orthonormal basis of (TX, h TX ), let {e 1 } be its dual basis. Let 

(1.1) T = t l c(e 1 )---c(e 2l ) 

be the involution of S(TX). Then t\s±(tx) = ±1- 

Let \7 S( - TX } be the Hermitian connection on S(TX) induced by V TX . Let V w be 
an Hermitian connection on (W,h w ). Let V S ( TX )® W be the connection on S(TX)®W 
along the fibre A: 

(1.2) V S(TX)®W = V S(TX) l + 1 

For be 5, we denote by E b , E± yb the set of C°°-sections of S(TX) <g> W , S ± (TX) <g> W 
over the fiber X b . We regard E b as the fibre of a smooth Z2-graded infinite dimensional 
vector bundle over B. Smooth sections of E over B will be identified to smooth sections 
of S(TX) (g) W over M. 

Definition 1.1 Define the twisted Dirac operator to be 
(1-3) D x = J2 iC (e^eF X ^ W . 
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Then D is a family Dirac operator which acts fiberwise on the fibers of 7r. For b G B, 
D x denote the restriction of D x to the fibre E b . D x interchanges E + and E_. Let D± 
be the restrictions of D x to E±. 

Now we assume that S 1 acts fiberwise on M. We will consider that S l acts as identity 
on B. Without loss of generality we can assume that S* 1 acts on (TX, h TX ) isometrically. 
We also assume that the action of S* 1 lifts to S(TX) and W, and commutes with V w . 

From [LiuMal, Proposition 1.1], we know that the difference bundle over B, 

(1.4) Ind(D x ) = KerDj )6 - KerD x b , 

is well-defined in the equivariant JT-group K s i(B). 

We denote [n] (n G Z) the one dimensional complex vector space on which S 1 acts 
as multiplication by g n for a generator g G S 1 . By [S, Proposition 2.2], we know that 
there exist A G N, R n G if(-B) (|n| < A) such that 

(1.5) lnd(D x ) = R n ® [n], 

\n\<A 

as an identification of S^-difference bundles. 

For n G Z, let -E 1 ™^ be the subspaces of E +jb , E_ :b where S 1 acts as multi- 

plication by g n for g G S 1 . Then we can consider E^ = E r ^ b © E™ b as the fibres of 
a smooth Z2-graded infinite dimensional vector bundle over B. Smooth sections of E n 
over B will be identified to smooth sections of S(TX) <g> over M on which S* 1 acts as 
multiplication by g n for g £ S 1 . Then the difference bundle over B, 

(1.6) Ind(L> x ,n) = KerZ^I^ - Ker^J^ 6 , 

is well-defined in the ii'-group K(B). 

By the construction of the index bundle lnd(D x ) (cf. [LiuMal, Proposition 1.2]), 
one knows well that 

Ind(D*n) =i? n , for \n\ < A, 
1 j =0, for |n|>A 

Let F = {F a } be the fixed point set of the circle action on M. Then ir : F a — > 
(resp. 7r : F — > 5) is a smooth fibration with fibre F a (resp. Y), and F is a totally 
geodesic compact submanifold in each fiber X. Let n : N ^ F denote the normal bundle 
to F in M. Then N = TX/TY. We identify N as the orthogonal complement of TY in 
TX|i?. Let h TY , /i^ be the corresponding metrics on TY, iV induced by h TX . Then, we 
have the following S^-equivariant decomposition of TX when restricted to F, 

TX\ F = N mi © • • • © N mi © TY, 

where each iV 7 is a complex vector bundle such that g G S 1 acts on it by g 1 . To simplify 
the notation, we will simply write that 

(1.8) TX\ F = (B v ^qN v © TY, 
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where N v is a complex vector bundle such that g E S 1 acts on it by g v with v E Z*. 
Clearly, A" = (B v ^qN v . We will denote iV as a complex vector bundle, and N R the 
underlying real vector bundle, of N. 

Since JVr is naturally oriented by the complex structure on N, TY is naturally 
oriented by the orientations of TX and N. Similarly, let 

(1.9) W lF = ® V W V 

be the 5' 1 -equivariant decomposition of the restriction of W over F. Here W v (v E Z) is 
a complex vector bundle over F on which g G S 1 acts by g v . 

Let C(7V R ) be the Clifford algebra bundle_of (N R ,h N ). Then A(7V*) is a C(A" R )- 
Clifford module. Namely, if U E N, let U' E N correspond to U by the metric h TX . If 
U E N, we write 

(1.10) c(C/) = v^C/'A, c(U) = -V2ijj. 

On T, let u>2(TY), U2{N) be the second Stiefel- Whitney classes of TY, N respectively. 
Let detN v , det iV = <S> v detN v be the determinant line bundles of N v , N over F. Let 
Ci(det N) be the first Chern class of det N. As TX is spin, one gets the following identity 
in# 2 (F,Z 2 ), 

(1.11) uj 2 (TY) = uj 2 (N) = ci(det JV) mod (2). 

As being explained in [LaM, Appendix D, pp. 397], we can construct a Spin c -principal 
bundle and a complex spinor bundle S(TY, (det A r )~ 1 ) over F which locally may be 
thought of as 

S {TY, (det N)- l ) = S {TY) <g> (det N) -1 / 2 , 
A(iV*) = 5 (iV R )®(detiV) 1 /2 ) 

where S'o(TF), S (N R ) are the fundamental spinor bundles for the (possibly nonexistent) 
spin structure on TY, A^ R , and where (det N)~ 1 / 2 is the (possibly nonexistent) square 
root of (det AT) -1 . 

Since F is totally geodesic in X, the connection V tx |f also preserves the decompo- 
sition (1.8) of TX over F. Let V TY ', V^, V N " be the corresponding induced connections 
on TY, N and A"„, Let V K{W) be the connection on A(N*) induced by V N . 

Let V^ detJv ^ be the connection on (detA^) -1 induced by V^. The connections 
ytdetTV)- 1 and v ty indnce an Hermitian connection \/S(TY,(detN)-^ on ^^y- (det A^)" 1 ). 

In fact, locally, both S'o(Ty) and (detA^)" 1 / 2 exist and carry a canonical connection 
induced by V Ty , V (dctJV)_1 . We give the bundle S (TY, (det N) x ) the tensor product 
connection. It is standard that this connection is well defined globally (cf. [LaM, 
Appendix D]). 

Let (e±, ■ ■ ■ , e2v), (e^v+i, ■ ■ ■ , e2i) be the corresponding oriented orthonormal basis of 
TY and Ar,. Then [e\, ■ ■ ■ , €21) is an oriented orthonormal basis of TX. The Z2-gradings 
on S(TY, (det A^)" 1 ), A (AT ) are defined by the involutions i l c(e\) • • -c(e2v), and t n = 

c(e 2 ii+i) ■ ■ -c(e 2 /) respectively. Also note that under this involution, A even (N ) = 
(A(Af ))+ A odd (iV*) = (A(N*))-. 
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From the above discussion, we see that there is a natural isomorphism between Z2- 
graded C(TX)-Clifford modules over F, 

(1.12) S (TY, (det N)" 1 )® A (N*^j ~ S(TX)\ f . 

Here we denote the Z2-graded tensor product by <E> (cf. [LaM, pp. 11]). Furthermore, 
since is ^-invariant, one deduces easily that 

(1.13) V 5(TX) | F = v s ™ dctJV > _1 >®l + l®V A(3r) . 

Let V be an Hermitian vector bundle over F. Let V v be an Hermitian connec- 
tion on V . From now on, we will also write D Y <g> V the family twisted Dirac oper- 
ator on S(TY, (det N)~ r ) <g> V on F, and D Ya <g> V its restriction on F a . Namely, let 
yS(Ty,(det n) )®v ^ e Censor product connection on S(TY, (det iV) -1 ) ® V induced by 

ySCTr.CdetiV)- 1 ) &nd Then 



2/' 

(1.14) D Y ®V = J2 c(e^ TY ^ dctN ^ v . 

i=i 

We use the notation 

Sym ? (T/) = E:r o g n Sym™(\/) G tf(F)[[g]], 

A 9 (V) = Er„TOe^)[l 

for the symmetric and exterior power operations in K(F) [[q]} respectively. 
Let us intorduce the notations: 

R(q) = ^£>|dimjv„ ^ v> Js Y m qV (N v ) ® det 7V„) 
/j 15 x ®„< Sym g -„ ®„ q v W v _= ® n R n q n , 

' i2'(g) = q~^ H dhnNv ® v >o Sym q - V (N v ) 

® v<0 (Synty(iV„) <g> det N v ) ® v q v W v = ® n R' n q n . 

Note that by [AH], one knows that, as TX is spin, 
(1.16) u dim iV„ = mod (2). 

We can now state the main result of this section as follows. 

Theorem 1.1 For n G Z, we have the following identity in K(B), 

, r , lnd(D x ,n) =J2 a (-l) So<vdimNv lnd(D Y " ® R n ) 

1 > = X) a (-l) E "< odim ^Ind(£) y - ®R' n ) . 

If we take W = C the trivial line bundle over M, then the operator D x ® C is exactly 
the canonical Dirac operator D x . The following consequence generalizes the famous A- 
vanishing theorem of Atiyah and Hirzebruch [AH] for compact connected spin manifolds 
with non-trivial S^-actions to the family case. 
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Corollary 1.1 If M is connected, and the S 1 action is nontrivial, then for the family 
of the canonical Dirac operators D x along the fibre X , one has 

(1.18) lnd(D x )=0 in K 31(B). 

Proof: If the S* 1 action is locally free, then by Theorem 1.1, we get directly (1.18). 
Otherwise, since on each F a , 

(1.19) J2\v\dimN v > 0, 

V 

one deduces easily from Theorem 1.1 that 

(1.20) lnd(D x ,n)=0 in K(B) 

for any n E Z, from which (1.18) follows. ■ 
1.2 Proof of Theorem 1.1 

In this subsection, we prove Theorem 1.1. The proof, which is contained here for com- 
pleteness of the present paper, is modeled on [WuZ, Section 3] which in turn relies on 
the paper of Bismut and Lebeau [BL]. 

This subsection is organized as follows. In Section 1.2.1, we recall a result from 
[WuZ, Proposition 3.2] concerning the Witten deformation on flat space. In Section 
1.2.2, we establish a Taylor expansion of D x + \/—lTc(H) near the fixed point set F, 
where H is the Killing vector field on M generated by the circle action. In Section 1.2.3, 
by using the techniques of [WuZ, Section 3] and [BL, Section 9], we establish various 
estimates for certain operators induced from D x + y/^lTc(H). In Section 1.2.4, we 
prove Theorem 1.1 by using a deformation trick in [Z]. 

1.2.1 Witten's deformation on flat spaces 

Let H be the canonical basis of Lie(S' 1 ) = R, i.e., for i G R, exp(iif) = e 2mt e S 1 . 
Let W be a complex vector space of dimension n with an Hermitian form. Let p be a 
unitary representation of the circle group S 1 on W such that all the weights are nonzero. 
Suppose W ± are the subspaces of W corresponding to positive and negative weights 
respectively, with dim c W~ = v, dim c W + — n — v. Let z = {z 1 } be the complex linear 
coordinates on W such that the Hermitian structure on W takes the standard form and 
p is diagonal with weights A, G Z\{0} (1 < % < n), and \ < for % < v. The Lie algebra 
action is given by the vector field H = 2^\f^lT^ =1 \ i (z l — z 1 -^) on W. We write 
K^W) = Sym((Vy ± )*) <g> Sjm(W T ) <g> det(W T ). Let E be a finite dimensional complex 
vector space with an Hermitian form and suppose E carries an unitary representation of 
S\ 

Let d be the twisted Dolbeault operator acting on Q°'*(W, E) = r(A(H^*) <g> E), and 
d its formal adjoint. Let D = V2(d + d ). Let c(H) be the Clifford action of H on 
A(W ) defined as in (1.10). Let L H be the Lie derivative along H acting on Q°'*(W, E). 

The following result was proved in [WuZ, Proposition 3.2]. 
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Proposition 1.1 1. A basis of the space of L 2 - solutions of D + \/—lc(H) (resp. D — 
y/—lc(H) ) on the space of C°° sections of A(W ) is given by 

(1.21) UUzM^+iZ-'e-^^dz^ ■■■dzn (h G N) 
with weight Y," =1 ki\\i\ + E" =l/+1 (/cj + l)|Aj| (resp. 

(1.22) n^m^^ e-^^^dz! ■■■dz v (h G N) 

with weight — £" =i , +1 A;j|Aj| — S^ =1 (A;j + l)|Aj|j. 

So the space of L 2 - solution of a given weight of D + \f—lc(H) (resp. D — y/—lc(H) ) 
on the space ofC°° sections of A(W )<2)E is finite dimensional. The direct sum of these 
weight spaces is isomorphic to K~(W) <S> E (resp. K + (W) <g> E) as represnetations of 
S\ 

2. When restricted to an eigenspace of Lh, the operator D + y/^lc(H) (resp. D — 
Tc(if) ) has discrete eigenvalues. 



1.2.2 A Taylor expantion of certain deformed operators near the fixed-point 
set 

In this subsection, we will use the notation of Section 1.1. We assume temporarily that 
B is a point, and Y is the fixed point set of the S 1 action on X. 

Following [BL, Section 8e)] and [WuZ, Section 3.2], we now describe a coordinate 
system on X near Y. 

For e > 0, set B £ = {Z G A^; \Z\ < e}. Since X and Y are compact, there exists 
Sq > such that for < e < Eq, the exponential map (y, Z) G N — > expy(Z) G X is a 
diffeomorphism from B £ onto a tubular neighborhood U e oiY in X. From now on, we 
identify B £ with U s and use the notation x = (y, Z) instead of x — expy(Z). Finally, we 
identify y G Y with (y, 0) G N. 

Let h TY , h N be the corresponding metrics on TY and N induced by h TX . Let 
dvx, dvy and dv^ be the corresponding volume elements on (TX, h TX ), (TY,h TY ) 
and (N,h N ). Let k(y,Z) ((y,Z) G B e ) be the smooth positive function defined by 
dv x (y,Z) = k(y,Z)dv Y (y)dv Ny (Z). Then k(y) = 1 and f§(y) = for y G F; the latter 
follows from [BL, Proposition 8.9] and the fact that Y is totally geodesic in X. 

For x = (y,Z) G U eo , we will identify S{TX) X with S{TX) y and W 7 "^ with ^ 
by the parallel transport with respect to the ^-invariant connections V s< - TX - ) and V w 
respectively, along the geodesic t — > (y,tZ). The induced identification of (S(TX) <E> 
W^) x with (S(TX) <S> W) y preserves the metric and the Z 2 -grading, and is moreover S* 1 - 
equivariant. Consequently, D x can be considered as an operator acting on the sections 
of the bundle 7r*(S(TX) <g> W^)|y) over B £Q commuting with the S l action. 

Fore > 0, let H(B e ) (resp. H(JV)) be the set of smooth sections of Tt*{S{TX)®W)\ Y 
on B £ (resp. on the total bundle of N). If /, g G H(iV) have compact supports, we will 
write 



1-23) (f,g)= Q^j J Y ( K J N (f, 9 )(y,Z)dv Ny (Z) ) jdv Y (y). 
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Then k l / 2 D x k l l 2 is a (formal) self-adjoint operator on H(iV). 

The connection on N induces a splitting TN = N © T H N, where T H N is the 
horizontal part of TN with respect to V^. Moreover, since Y is totally geodesic, jthis 
splitting, when restricted to Y, is preserved by the connection V TX on TX\y- Let V be 
the connection on (S(TX) ® VF)|y induced by the restricion of X7 S ( TX )® W to Y. We will 
still denote by V the lift of the connection V to n*(S(TX) <g> W)\ Y ),- 

We choose a local orthonormal basis of TX such that ei, • • • , e 2 /' form a basis of TV, 
and e 2 ^ + i, • • • , e 2 ;, that of iV R . Denote the horizontal lift of (1 < % < 21') to T H N by 
ef . As in [BL, Definition 8.16] and [WuZ, (3.15)], we define 

21' 21 

(1.24) ^ = ^c(e,)V ef , D N = c ( e ^. 

i=l i=2/'+l 

Clearly, Z) w acts along the fibers of N. Let d N be the <9-operator along the fibers of N, 
and let d be its formal adjoint with respect to (1.23). By (1.13), it is easy to see that 

D N = V2(d N + d N *). Both D N and D H are self-adjoint with respect to (1.23). 
For T > 0, we define a scaling / G H( J B £o ) -> 5 T / G H(B £qVT ) by 

(1.25) 5 T /(y, Z) = / (y, -|=) , (y, Z) G 5 £oVT . 
For a first order differential operator 

21' 21 

(1.26) Q T = J]4(y,Z)V ef + ^ b^(y,Z)W ei + c T (y,Z) 

i=l i=2/'+l 

acting on H(_B £ov a=), where a^, 6^ and c r are endomorphisms of n*((S(TX) <g> W)|y), 
we write 

(1.27) Q T = 0(\Z\ 2 d N +\Z\d H + \Z\ + \Z\ P ), (p G N), 

if there is a constant C > such that for any T > 1, (y, Z) G B £Qy /=, we have 

|a^(y,Z)| < C|Z| (l<i<2Z'), 

(1.28) |^(?/,Z)| < C|Z| 2 (2/' + 1 < i < 21), 

\c T (y,Z)\<C(\Z\ + \Z\P). 

Let J# be the representation of Lie(S' 1 ) on N. Then Z — > is a Killing vector 
field on N. We have the following analog of [BL, Theorem 8.18] and [WuZ, Proposition 
3.3]. 

Proposition 1.2 As T — > +oo ; 



;i.29) 



S'tA; 1 ^ + v^TTcC^)) Ar 1 / 2 ^ 1 = v 7 ^ + ^lc{J H Z)) + 
+^0(|Z| 2 ^ + |Z|^ + |Z| + |Z| 3 ). 
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Proof : Since Y is totally geodesic in X and the actions of S 1 on iV and M commute 
with the exponential map, one can proceed as in the proof of [WuZ, Proposition 3.3] 
and [BL, Section 8] to get (1.29). ■ 

By Proposition 1.1, the solution space of the operator D N + lc(J#Z) along the 
fiber N y (y G F) is (the L 2 -completion of) K~(N y ) <g) W y . They form an infinite dimen- 
sional Hermitian holomorphic vector bundle K~(N) <8> W\f over Y, with the Hermitian 
connection V y induced from those on iV and W\y —>■ Y. 

Let H°(y) be the Hilbert space of square-integrable sections of S(TY, (det N)~ r ) <g> 
K~{N) <g> W\ Y , and H°(JV), that of the bundle n*((S(TX) ® W)| y ), equipped with the 
corresponding Hermitian forms. By using ( |1.12| ), we define an embedding ip : H°(Y) — > 
H°(JV) by 

(1.30) ^:«®/?6 H°(F) -> Fa A r(/3) G H°(JV). 

Here a G r(y,S(Ty, (det N)' 1 ))^ G L 2 (K'(N) ® W\ Y ) and r is the isometry from 
L 2 (K-(N) <g> H/| y ) to L 2 (F(A(A^ ) <g> W|y)) 

given by Proposition 1.1. Clearly, ^ is 
an isometry onto its image which we denote by H 7,0 . Let p : H°(A^) — > H 7,0 be the 
orthogonal projection. Then we have the following analog of [BL, Theorem 8.21] and 
[WuZ, Proposition 3.4], which can be proved in the same way as in [BL] and [WuZ]. 

Proposition 1.3 The following identity for operators acting on H°(Y) holds, 

(1.31) ^- 1 pD H p^j = D Y ®R(1), 
where R(l) is defined in (1.15). 

1.2.3 Estimates of the operators as T — > +oo 

We still assume temporarily that B is a point. For p > 0, let H P (AT), H p (iV) and H P (Y) 
be the p-th Sobolev spaces of sections of the bundles S(TX) ® W — > X, n*(S(TX) <%> 
W)\y — > N and S(TY, (det AO" 1 ) ®K~(N) ®W\ Y -> Y respectively. The group S 1 acts 
on all these spaces. For any (6Z, let LL|(X), H?(Ar) and H|(F) be the corresponding 
subspaces of weight (6 Z. Recall that the constant eo > is defined in last subsection. 
We now take e G (0, y], which is small enough for each eigenvalue of Lh we will consider, 
but otherwise can be assumed to be fixed. Let p: R — > [0, 1) be a smooth function such 
that 



1.32) p{a) 



1 if a<l/2, 
if a > 3/4. 



For Z G N, set p e (Z) = p(^). Let a G r(Y, S(TY, (det AQ -1 )), G L 2 {K~{N) <g> W| y ). 
We define a linear map : H|(y) — > H|(iV) by 

(1.33) a ® /? G HJ (y) 7 Tf€ a = ^jf 11 " ... A S^(t(/?)) G Hj(JV). 
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Let the image of I TA from H|(Y) be H^(iV) = I T ^W(Y) C H|(7V). Denote the 
orthogonal complement of Hg^(JV) in H°(7V) by H^r(iV), and let H^(iV) = H|(7V) n 
Hy^(iV). Let £>t,£ and be the orthogonal projections from H°(iV) onto H^(TV) and 
H^(iV) respectively. 

Since the bundle S{TX)®W over U eo is identified with P(5(TF, (det A^)- 1 )®A(iV*)® 
over S eo , we can consider fc -1 / 2 / T) gcr as an element of H|(X) for cr G H|(Y). Define 
the linear map J T £ by 

(1.34) a G H|(y) .— > J T)€ <t = k' 1/2 I T ^a G Hf(X). 

Let H^(X) = Jt^H p (Y) be the image. Denote the orthogonal complement of H^(X) 
in H°(X) by H^r(X), and let H^(X) = H|(X) n H^(X). Let p T £ and p^ be the 
orthogonal projections from H°(X) onto H^(X) and H^(X) respectively. It is clear 
that p T £ = k^^pT^k 1 ' 2 . 

For any (possibly unbounded) operator A on H°(X), write 



(1.35) 



A® A^ 



according to the decomposition H°(X) = H^(X) © H^(X), i.e., 1 (1) = p T ^Ap T ^, 
1 (2) = pT,i;Ap^, A^ = p^ApT£ and A^ = p^Ap^. 

Let Dt = D x + \/— lTc(H), where now H denotes the Killing vector field on M 
generated by the circle action. Let -Dr,£ and Dj be the restrictions of the operators D T 
and D Y <g> R(l) on H°(X) and H°(Y) respectively. 

Proposition 1.4 1. Is T — > +oo ; 



1.36) J^D^Jta = D\ + O (^=j 



where 0(-j=) denotes a first order differential operator whose coefficients are dominated 
by^(C> 0). 

2. For each £ G Z, there exists C > such that for any T > 1, a G H^(X) ; er' G 
H^(X) ; we have 



(1.37) 



CT i i ii„i 
-ik + \\cr\ 



l4Vllo<c(- 

i4Viio<c(tt + iKiio). 



5. For eac/i £ G Z, i/iere ezis* e G (0, f ], T > 0, C > such that for any T > T , 
a G H^(X) 7 we have 



1.38) IPrtkllo ^ C (jHli + v^ll^llo) • 



Proof: Proposition 1.4 is the analogue of [WuZ, Proposition 3.5] and can be proved 
in the same way as in [WuZ, pp. 165-166], which in turn relies on [BL, Section 9]. ■ 
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1.2.4 Proof of Theorem 1.1 

We now go back to the family case. The important observation is that the analysis in 
the above two subsections works well to the fiberwise (twisted) Dirac operators. 
For any u £ R, we write 

(1.39) D Ttt :(u) = D§\ + D,p£ + u (d^I + L>g) : E -> E. 
The following lemma plays a key role in our proof of Theorem 1.1. 

Lemma 1.1 There exists T\ > such that for any u £ [0, 1] and T > T 1} D T ^{u) is a 
continuous family of Fredholm operators over B. 

Proof : From Proposition 1.4, one deduces (cf. [Z, Lemma 2.2]) that there exist 
Ci, C 2 > such that for u £ [0, 1], s £ E and T large enough, 

C 

(1.40) \\D TA s - D TA (u)s\\ Q < —±z\\D TA s\\ Q + C 2 \\s\\ . 



T 

From ( p..40| ) and the Fredholm property of Dt,$, one obtains the Fredholm property of 
Dt^{u) for sufficiently large T. ■ 

Recall that the index bundle construction [AS] applies well to continuous families 
of Fredholm operators and that the homotopy invariance property for the index bundle 
still holds in this situation. 

From Lemma 1.1, one then gets the following identity of index bundles, when T is 
large enough, 

Ind (Df) = Ind (D T ,z) = Ind (D T4 (0)) 
(L41) = Ind (Z>£>) + Ind (4 4 >) ' in K(B), 

where in the last line, Ind(-D^) (resp. Ind(-D^)) is now regarded as a family of Fredholm 
operators mapping from H^(X) (resp. H^(X)) to H°^(X) (resp. H^(X)). 
On the other hand, by the third part of Proposition 1.4, one has obviously that 

(1.42) Ind(L>^) =0 in K ( B )i 

when T is large enough. 

Let Dy| a be the restriction of on F a . From ( |1.30| ), ( |1.36| ) and the definition of 
Jt,£,i one deduces easily that when T is large enough, one has, 

Ind = ^(-l)^^^ Ind 

(1 43) a 

= J2{-lf 0<vdimNv lnd(D^) in K{B). 

a 

By ( |1.41| ), ( |1.42| ) and ( |1.43| ), one deduces the first equation of ( |1.17| ) easily. 

To get the second equation of (|1.17|) , we only need to apply the first equation of 
( |1.17| ) to the ^-action on M defined by the inverse of the original S^-action on M. 

The proof of Theorem 1.1 is complete. ■ 
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1.3 The Spin c case 

We will keep the notations in Sections 1.1 and 1.2. For future applications, in this 
subsection, we will extend Theorem 1.1 to Spin c cases. 

Let 7r : M — > B be a fibration of compact manifolds with compact fibre X such that 
dimX = 21 and that S* 1 acts fiberwise on M. Let h TX be a metric on TX. We assume 
that TX is oriented. Let (W 7 , h w ) be an Hermitian complex vector bundle over M. 

Let V be a 2p dimensional oriented real vector bundle over M. Let L be a complex 
line bundle over M with the property that the vector bundle U = TX © V obeys 
u>2(U) = ci(L) mod (2) where W2 denotes the second Stiefel- Whitney class, and ci(L) is 
the first Chern class of L. Then the vector bundle U has a Spin c -structure. Let h v , /i L 
be metrics on V 7 , L. Let S(U, L) be the fundamental complex spinor bundle for (U, L) 
[LaM, Appendix D.9]. 

Assume that the ^-action on M lifts to V , L and W, and assume the metrics 
h TX , h v , h L , h w are ^-invariant. Also assume that the ^-actions on TX, V, L lifts 
to S(U, L). 

Let V TX be the Levi-Civita connection on (TX, h TX ) along the fibre X. Let V y , 
V L and V w be S 1 invariant and metric-compatible connections on (V, h v ), (L,h L ) and 
(W, h w ) respectively. Let V 5( -' 7 ' L - ) be the Hermitian connection on S(U, L) induced by 
V TX © V y and V L as in Section 1.1. Let xj s ( u < L )® w be the tensor product connection 
on S(U, L)®W induced by V 5(c/ - L) and W w . 

Let {ei]f =l , {/j}?=i be the corresponding oriented orthonormal basis of (TX,h TX ) 
and (V 7 , Let D be the family Spin c -Dirac operator on the fiber X, 

21 

(1.44) D* = ^c(eOVff' L >® w . 

i=l 

There are two canonical ways to consider 5'(C/, L) as a Z 2 -graded vector bundle. Let 

(1 ax\ r s = i l c(e 1 )---c(e 2 i), 

1 j r e = i'+'c( ei )...c( e2I )c(/ 1 )...c(/ 2p ) 

be two involutions of S(U, L). Then r s 2 = = 1. We decompose S(U, L) = S + (U, L) © 
S~(U, L) corresponding to r s (resp. r e ) such that t s \s±(u,l) — =tl (resp. rdsi^x,) = ±1). 
For r = t s or r e , we can define the index bundle lnd T (D x ) G K 31(B) as in Section 1.1. 
We have the following S^-equivariant decomposition of V restricted to F, 

(1-46) V\ F = ©^oK © C 

where K is a complex vector bundle such that g acts on it by g v , and is the real 
subbundle of V such that S 1 acts as identity. For v 7^ 0, let \4,r denote the underlying 
real vector bundle of V v . Denote by 2p' = dim V^ 1 and 21' = dimY. 
Let us write 



;i.47) L F = L (g) ( Q£) det JV„ Q£) det V v 
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Then TY © V R has a Spin c structure as w 2 {TY © V R ) = c x (L F ) mod (2). Let S(TY © 
V^ R , Lp) be the fundamental spinor bundle for (TY © V^ R , Lp). 

Let _D r , -D y " be the families of Spin c Dirac operators acting on S(TY © V^,Lp) 
over F, F a . If R is an Hermitian complex vector bundle equipped with an Hermitian 
connection over F, let D Y © R, D Ya © R denote the twisted Spin c Dirac operators on 
S(TY © V R , Lp) ®R, 

Recall that iV„ r and are canonically oriented by their complex structures. The 
decompositions ( |1.8|) , ( p..46|) induce the orientations of TY and V^ R . Let {ej}^, {fj} 2 ^ =l 



be the corresponding oriented orthonormal basis of (TY, h TY ) and (V^ R , h v ° ). There are 
two canonical ways to consider S(TY © V^ R , Lp) as a Z 2 -graded vector bundle: let 



1.48) T s = i v c(e x )---c{e 2l 



i l ' +p c(e 1 )---c(e 2ll )c(f 1 )---c(f 2p/ ) 



be two involutions of S(TY © V^,L F ). Then r 2 = r e 2 = 1. We decompose ^(TY © 
V^ R ,L F ) = S + (TY © K) R ,L F ) ©^"(IT © V^,L F ) corresponding to r s (resp. r e ) such 
that T s | 5±(Tyffiy R jLF) = ±1 (resp. t £ \ s ± {TY(bV r^ f) = ±1). 

By restricting to F, one has the following isomorphism of Z 2 -graded Clifford modules 
over F, 



(1.49) S(U, L)~S (TY © V R , L F ) QQAN V QQAV V . 

We denote by Ind Ts , Ind Te the index bundles corresponding to the involutions r s , r e . 

Let S 1 act on L by send g 6 S* 1 to g' c (/ c e Z) on F. Then Z c is locally constant on 
F. We define the following elements in K(F) [[q 1 ^ 2 ]], 

R ± ( q ) = q \^\v\d\mN v -^ v vA\mV v + \l c (Sym^ (JV„) © det N v ) 

(1 5Q N ®„<oSym 9 _„ (JV„) ©^o A±<f (K) ®« g"W^_= T, n R ±,nQ n , 

©„ <0 (Sym ? ,(iV„) © detN v ) ©^ A ±( /(K) ® v q v W v = Y,n R '±,n<f- 
The following result generalizes [T, Theorem 2.6] to the family case. 
Theorem 1.2 For n £ Z, we have the following identity in K(B), 

Ind Ta (D x ,n) = £ a (-l) s "<.dimv„ lrid7s (D Y "®R +>n ) 

= E a (-l) E - odim7V "Ind Ts (D Ya © R' + J , 
1 } Ind Te (£>* n) = £J-l) s °<" dim7 Mnd Te (D y " © 

= ^(-lJ^^^H, (£> y< * ® #_,„) • 

Proof : The proof is a straightforward generalization of the proof of Theorem 1.1. 
The details are left to the interested reader. ■ 
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2 Family rigidity and vanishing theorems 

The purpose of this section is to establish the main results of this paper: the rigidity 
and vanishing theorems on the equivariant .fT-theory level. The results in this section 
refine some of the results in [LiuMal, 2] to the i^-theory level. 

As in the previous sections, we let 7r : M — > B be a fibration of compact manifolds 
with fiber X. We assume that S 1 acts fiberwise on M with fixed point set F, and TX 
has an ^-equivariant spin structure. Then n : F — > B is a fibration with fiber Y. 

Following Witten, we will introduce some elements R(q) = T> ne i<iq n R n G i£si(M) [[<?]] . 
To prove the rigidity theorem for these elements, Taubes and Witten suggested to use 
some shift operators to get a relation like Ind(-D x <g> R m , h) = Ind(D x £g> R m +h, h) for 
h, m e Z. As R m = for m < 0, this implies the rigidity theorem. See the paper of 
Taubes [T] for a rigorous treatment. 

To get a similar equality in the family case, we first apply our i^-theory version of the 
equivariant family index theorem [LiuMal, Theorem 1.1], Theorem 1.1, to reduce the 
problem to the fixed point set F. Then we introduce an auxiliary element in i^5i(F)[[g]]. 
We study the corresponding index bundles of the twisted Spin c Dirac operators on Y, 
which, after doing some shift operations, will be related to a term like lnd(D x <S>R m +h, h). 
On the other hand, if we apply our i^-theory version of the equivariant family index 
theorem iterately, we may also relate the considered index bundle to a term like Ind(-D x £g> 
R m , h). This then completes the proof. To apply the equivariant family index theorem, 
we are inspired by the constructions of Taubes [T, §6]. Namely, we will construct some 
operators on the fixed point set M(n) of the induced Z n -action on M, and apply the 
equivariant family index theorem to them. 

As was pointed out in the introduction, our main observation is that we can directly 
construct and apply the shift operators on the fixed point set. In this way, we avoid the 
use of the Dirac operators on the normal bundle in the loop space and the associated 
analysis of Fredholm properties of these operators in [T] . 

This section is organized as follows: In Section 2.1, we state our main results, the 
rigidity and vanishing theorems on the equivariant .fT-theory level. In Section 2.2, we 
state two intermediate results which will be used to prove our main results stated in 
Section 2.1. In Section 2.3, we prove the family rigidity and vanishing theorem. In 
Section 2.4, we prove a vanishing theorem on the equivariant .fT-theory level of the index 
bundle of the Dirac operator on loop spaces, which may be viewed as a loop space 
analogue of Corollary 1.1, and which also extends the corresponding loop space analogue 
of the Atiyah-Hirzebruch theorem in [Liu2] to the family case. 

Throughout this section, we use the notations of Section 1.1. 

2.1 Family rigidity and vanishing theorems 

Let 7r : M — > B be a fibration of compact manifolds with fiber X and dimX = 21. We 
assume that S* 1 acts fiberwise on M, and TX has an ^-invariant spin structure. As in 
[AH], by lifting to the double cover of S 1 , we can assume that the second condition is 
always satisfied. Let V be a real vector bundle over M with structure group Spin(2A;). 
We assume that V has an S^-mvariant spin structure. 
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The purpose of this section is to prove that the elliptic operators introduced by 
Witten [W] have some interesting rigidity and vanishing properties on the equivariant 
X-theory level. Let us recall some definitoins first. 

For a complex (resp. real) vector bundle E over M, let 

Sym t (£) = 1 + tE + t 2 Sym 2 E + • • • , 
1 ] A t (E) = l + tE + t 2 A 2 E + --- 

be the symmetric and exterior power operations of E (resp. E ®r C) in lf(M)[[i]] 
respectively. Set 

& q (TX) = ®™ =1 A qn (TX) ®- ! Sym^TX), 
(2.2) 9 (TX) = CiA- f -i/ 2 (TI) ®~ ! Sym^TX), 

Q- q {TX) = C=iA r iMTI) <g>~ l Sym qn (TX). 



We also define the following elements in if (M)^ 1 / 2 ]]: 
(2.3) 



%(TX\V) = ®~ i Sym^TX), 

e,(TX|F) = ®~ .A^-i/^V) ®~ ! Sym^TX), 
e_ 9 (TX|F) = ®~ iA^-v^y) ®~ ! Sym^TX), 
9*(TX|y) = ®- ^(V) ®~ ! Sym^TX). 



Let 5(F) = ,S + (\/) © be the spinor bundle of V. 

Recall that the equivariant cohomology group (M, Z) of M is defined by 

(2.4) H* S1 (M,Z) = H*(M x s i ES\Z), 

where ES 1 is the usual universal ^-principal bundle over the classifying space BS 1 of S 1 . 
So Hgj.(M, Z) is a module over ^(BS 1 , Z) induced by the projection f : M x s i ES 1 — > 
-BS 11 . Let pi(V)gi, pi(TX)gi G H* S1 (M, Z) be the equivariant first Pontrjagin classes 
of V and TX respectively. As V x s i ES 1 and TX x 5 i ES 1 are spin over M x s i ES 1 , 
one knows that \p\(V)s^ and ^(TX)^ are well-defined in H* S1 (M, Z) (cf. [T, pp. 
456-457]). Also recall that 

(2.5) H*{BS\Z) = Z[[u}} 

with u a generator of degree 2. 

In the following, we denote by D x <g> W the family of Dirac operators acting fiberwise 
on S(TX) (g)W as defined in Section 1.1. We also write d x = D x ® S(TX). 

We can now state the main results of this paper as follows. The first one is a family 
generalization of the Witten rigidity theorems as being proved in [T], [BT] and [Liul]. 
It also refines [ LiuMal, Theorem 2.1]. 

Theorem 2.1 (a) The family operators d x ®Q' q (TX), D x ®Q q (TX) and D x ®Q„ q (TX) 
are rigid on the equivariant K-theory level. 

(b) If &i(V) s i = \p 1 (TX) si , then D x ® (S + (V) + S~(V)) & q (TX\V), D x ® 
(S + (V) - S-(V)) ® e* q (TX\V), D x ® Q q (TX\V) and D x ® 0_ g (TX\V) are rigid on 
the equivariant K-theory level. 
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The second one generalizes the vanishing results of Taubes [T, Proposition 10.1] and 
Liu [Liu2, Corollary 3.3] to the family case. It also refines a result in [LiuMal, Theorem 
3.2]. 

Theorem 2.2 If hpi(V)si — \pi(TX) s i = e ■ ~W*u 2 with e G Z verifying e < 0, then the 
index bundles ofD x ®(S + (V)+S-(V))®Q' q (TX\V), D x (g)(S + (V)-S-(V))®Q* q (TX\V), 
D x eg) Q q (TX\V) and D x ® Q^ q (TX\V) are zero in K s i(B). In particular, they are 
identically zero in K(B). 

A quite interesting consequence of the above results is the following family A- vanishing 
theorem for loop spaces. It extends the corresponding loop space analogue of the Atiyah- 
Hirzebruch theorem in [Liu2, Theorem 6] to the family case. 

Theorem 2.3 Assume M is connected and the S l -action is nontrivial. If ^pi(TX)si = 
—e-W*u 2 for some integer e, then the index bundle of D x ®^ =1 Sym n {TX) as an element 
in K s i(B), in particular, as an element in K(B), is identically zero. 

As was pointed out by Dessai [De], when the S^-action is induced from a fiberwise 
S 3 action on M which preserves the Spin structure of TX, the condition ^pi(TX) s i = 
-e ■ W*u 2 in H* gl (M, Z) is equivalent to \px{TX) = in H*(M,Z). So one gets the 
following family vanishing theorem. 

Corollary 2.1 Assume M is connected and admits a nontrivial S 1 action induced by 
a fiberwise S 3 -action which preserves the spin structure ofTX. If |p 1 (TA) = ; then 
the index bundle as an element in Kgi(B) (in particular, as an element in K(B)), of 
D x ®^ = i Sym qn (TX) , is identically zero. 

Actually, our proof of these Theorems works under the following slightly weaker 
hypothesis. Let us first explain some notations. 

For each n > 1, consider Z n C S 1 , the cyclic subgroup of order n. We have the Z n 
equivariant cohomology of M defined by H^JM, Z) = H*(M x Zn ES 1 ,^), and there 
is a natural "forgetful" map a(S' 1 ,Z n ) : M x Zn ES 1 M x s i ES 1 which induces a 
pullback a(S\ Z n )* : H* S1 (M, Z) -> H^ n (M, Z). The arrow which forgets the S 1 action 
altogether we denote by 1). Thus a(S\ 1)* : H* S1 (M, Z) -> H*(M, Z) is induced 

by the inclusion of M into M x s i ES 1 as a fiber over BS 1 . 

Finally, note that, if Z n acts trivially on a space Y, then there is another map 
r* : H*(Y, Z) -> H^(Y, Z) induced by the projection Y x Zn ES 1 = Y x BZ n Y . 

We let Zqc = S l . For each 1 < n < oo, let i : M(n) — > M be the inclusion of the 
fixed point set of Z n C S 1 in M and so i induces 251 : M(n) x 51 ES 1 ->Mx s i ES 1 . 

In the rest of this paper, we suppose that there exists some integer e G Z such that 
for each 1 < n < 00, 

a (S\ Z n )* o i* sl (\ Pl (V - TX)gi - e ■ W*u 2 ) 
1 ] = r* o a (S 1 , 1)* o i* sl (| Pl (y - TX) s i) . 

Remark 2.1. The relation (|2.6| ) clearly follows from the hypothesis of Theorems 2.1 
and 2.2 by pulling back and forgetting. Thus it is a weaker condition. 
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Remark 2.2. If e = 0, and B is a point, is exactly [BT, (11.11)]. 
We can now state a slightly more general version of Theorems 2.1 and 2.2. 



Theorem 2.4 Under the hypothesis j\2. 6j ), we have 

i) If e = 0, then the index bundles of the elliptic operators in Theorem 2.1(b) are 
rigid on the equivariant K-theory level. 

ii) If e < 0, then the index bundles of the elliptic operators in Theorem 2.1(b) are 
zero as elements in K s i(B). In particular, these index bundles are zero in K(B). 

The rest of this section is devoted to a proof of Theorem 2.4. 
2.2 Two intermediate results 

Let F = {F a } be the fixed point set of the circle action. Then it : F — > B is a fibration 
with compact fibre denoted by Y = {Y a }. Recall that 

TX lF = TY ©^o N V>R , 

where N v> -r denotes the underlying real bundle of the complex vector bundle N v on which 
g G S 1 acts by multiplying by g v . Since we can choose either N v or N v as the complex 
vector bundle for N Vj -r, in what follows we may and we will assume that 

(97] TX ]F = TY®® 0<V N V , 

1 1 TX ® R C = TY ® n C® 0<v (N v ® N v ), 

where N v is the complex vector bundle on which g G S 1 acts by multiplying by g v . Here 
some N v may be zero. Similarly, let 



(2.8) V lF = V R ®Q)V l 



0<v 



where V v is a complex vector bundle on which g G S 1 acts by multiplying by g v , and Vq 
is a real vector bundle on which S* 1 acts as identity. 
On F, let 



(2.9) 



<N) = J2 0<v v 2 dimN v , d'(N) = £ <^climiV, 
<V) = E <„ dim V v , d'(V) = Eo<v v dim V v 



u ■ 

V ■ 



Then e(N), e(V), d'(N) and d'(V) are locally constant functions on F. 
Let us introduce some line bundles: 

( m L(N) = ® 0<v (detN v ) v , L(V) = ® 0<v (detV v ) v , 

1 Uj L = L(N)- 1 ®L{V). 

We denote the Chern roots of N v by {x{} (resp. V v by u J v ), and the Chern roots of 
TY <g>R C by {± yj } (resp. V = F R ® R C by {±n J }). Then if we take Z M = S 1 in Q, 
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we get 



(2.11) 



Pi(V) s i = E vd {ul + vu) , 

Pi(TX) s i = Ej(yj) 2 + E %j (x J v + vuf , 

\ (E V)j (u{ + vuf - £j(%) 2 - E v ,j {x{ + vuf^ - eu 2 
= i(E tfJ (t4) 2 -E i (y i ) a -E Bj (^) a ). 



By O 



( gTTTp , we get 



(2.12) 



ci(L) = Evjvul - E V}j vx J v = 0, 
e(\/)-e(iV) = Eo<^ 2 dimV;-E 1 



v 



2 dim iV, 



V 



2e. 



This means L is a trivial complex line bundle over each component F a of F, and S 1 acts 
on L by multiplying by g 2e . So we can extend L to a trivial complex line bundle over M, 
and we extend the S 1 action on it by multiplying the canonical section 1 of L to g 2e ■ 1. 

The line bundles in (2.10) will play important roles in the next two sections which 
contain the proofs of Theorems 2.5, 2.6 to be stated below. 

We now define the following elements in i^ 5 i(M)[[g 1//2 ]]: 



In what follows, if R(q) = E me i z -R m g m G K s i(M)[[q 1 / 2 }}, we will also denote 
\n<l(D x <g> R m , ft) by lnd(D x <g> R(q),m, ft). 

We first state a result which expresses the global equivariant family index via the 
family indices on the fixed point set. 



(2.13) 



R 1 (V) 

Rs{V) 
Ra(V) 



(S+(V)+S-(V))®™ =1 A qn (V), 
(S+(V)-S-(V))®% =1 A^AV), 




Ind (D x <g>~ =1 Sym n {TX) <g> Ri{V),m, ft) 
(2.14) = £ Q (-l) s °<» dimJ Mnd(£> y <' Sym g „(TX) ® i2j(V) 

®Sym(© <«^u) ®o<ti det A^, m, ft,) 



Proof. Proposition 2.1 follows directly from Theorem 1.1. 



For p G N, we define the following elements in i^5i(F)[[g]]: 



•?>P0 = ®„<« ( ®n=i Sym g „(iV,) ® n>pv Sym gn {N v )^ ®™ =1 Sjm gn {TY), 
(2.15) jr p( x ) = ® 0< °<s w (Sym 9 _„(iV v ) ® detiV,), 



^(X)=F P (X)® j;(X). 
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Then, by ( |2.7| ), over F, we have 

(2.16) F°(X) = CLiSynv(TX) ® Sym(© 0<v AQ ® 0< , det iV„. 

We now state two intermediate results on the relations between the family indices on 
the fixed point set. They will be used in the next subsection to prove Theorem 2.4. 

Theorem 2.5 For 1 < % < 4, h, p G Z and p > 0, m £ |Z ; we have 

J2 a (-l) Xo < v6imN "Ind(D Y <* ® F°(X) ® Ri(V),m, h) 

(2.17) = ^ Q (-l) s o<.dimV„ Ind py a g, jt-p(x) ® 

m + ±p 2 e(AO + ipd'(iV),/i). 

Theorem 2.6 For eac/i a, 1 < z < 4, h, p G Z, p > 0, m G |Z, we /iai>e i/ie following 
identity in K(B), 

, . lnd(D Ya ® j^(X) <g> m + |p 2 e(iV) + Jpcf (iV), h) 

[ ' = lnd(D Ya ® ^°(X) <g> m + p/i + p 2 e, /i + 2pe). 

Theorem 2.5 is a direct consequence of Theorem 2.7 to be stated below, which will 
be proved in Section 4, while Theorem 2.6 will be proved in Section 3. 

To state Theorem 2.7, set J = {v G N| there exists a such that N v ^ on F a } and 

(2.19) $ = {P G]0, 1] (there exists u G J such that /3v G Z}. 

We order the elements in <3> so that $ = {A|l < z < Jo, Jo G N and $ < A+i}- Then 
for any integer 1 < z < J , there exist pj, G N, < p^ < rij with (pi,n$) = 1 such 
that 

(2.20) A = Pi/n*. 

Clearly, /3j = 1. We also set p = and /3 = 0. 
For 1 < j < Jq, p G N*, set 

Jo = 0, the empty set, 

, , H = {(v,n)\v G J, (p — l)v < n < pv, — = p — 1 + -£}, 

(2.21J J t> 

H = {(t>, n)|u G J, (p — < n < pu, — > p — 1 + — }. 

J v rij 

For < j < Jo, we write 
(2.22) 

J^-PO = T p {X)®T' p _ 1 {X) (g) (Sym ? -„(iV„)®detAr^ (g) Sym^Ag. 
Then 

r99 ^ J p ,o(X) = ^+ 1 (X), 

1 J ^ p , Jo (X)=^(X). 

21 



For s G R, let [s] denote the greatest integer which is less than or equal to the given 
number s. Set 

e(p, (3 V N) = | Eo<,(dim iV„) ((p -l)v+ [%]) ((p - 1)« + ] + l) , 
^A0 = Eo<,(dimAy[^]. 

Then e(p, /3j-, iV), d'(/3j, N) are locally constant functions on F. And 

e(p, fa, N) = \{p- lfe{N) + \{p - l)d'(N), 
[ ] e(p,(3 Jo ,N) = ip 2 e(N) + \pd\N). 



Theorem 2.7 For 1 < i < A, 1 < j < J , p G N* ; ft G Z, m G |Z ; we /iai>e 

^ a (_l)d'(ft-i,Ar)+Eo<,dimJV„ Ind py Q g, jr pJ _^x) <g> i?j(V), 
/ 9 9fi \ m + e(p,Pj- X ,N),h) 

K ' = J2 a (-l) d '^> N)+ * 0<vdimN "Ind(D Y « ® ^(X) <8) 

m + e(p,Pj,N),h). 

Proof. The proof is given in Section 4. ■ 

Proof of Theorem 2.5 : From ( 2.23Q , ( p.25|) , and Theorem 2.7, for 1 < z < 4, ft G Z, 
p G N* and m G |Z, we get the following identity in K(B): 

^(-l)* ^^ 65111 Nv Ind(D Y » <g> ^- p (X) ® 
, 9 97 n m + \p 2 e(N) + iptf(iV), ft) 

{ l) = ^ Q (-l)So<,dim7V„ Ind py a JT-P+1(X) i^.(y), 

^ m+i(p-l) 2 e(^) + |(p-l)rf , (A r ),^)- 

As ^ 0<t; t>dimA^ = mod (2), we get Theorem 2.5. ■ 

2.3 Proof of Theorem 2.4 

From Proposition 2.1, Theorems 2.5 and 2.6, for 1 < i < 4, h,p E Z, p > and m G |Z, 
we get the following identity in K(B), 



Ind(D x ®™ =1 Sym g „(TX) ® i2j(V),m, ft) 

= lnd(D x ®^ =1 Sym f (TI) <g> i2i00>™'> ft + 2pe). 



(2.28^ " -<<->'-:•:"•/ 

with 



(2.29) m' = m + ph + p 2 e. 

Note that, from (2.1) and (2.13), if m < 0, for ft, G Z, we have 

(2.30) Ind(D x ®^ =1 Sym gJl (TX) ®.Rj(V),m, ft) = in K{B). 

i) Assume that e = 0. Let ft G Z, mo G \Z and ft 7^ be fixed. If ft > 0, we take 
m! = niQ, then for p big enough, we get m < in ( 2.29| ). If ft < 0, we take m = mo, 
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then for p big enough, we get m' < in ( |2.29| ). From ( 2.30|) , we know that for h ^ 0, 
m G |Z and 1 < i < 4, we get 



(2.31) Ind(£> A ®^ 1 Sym^(rA:)®i2 i (V r ),mo,/0 = in K{B). 

ii) Assume that e < 0. For h G Z, m G |Z, 1 < i < 4, we take m = m , then for p 
big enough, we get m' < in ( |2.29| ). From ( |2.30| ), we again get (|2.31| ). 



The proof of Theorem 2.4 is complete. ■ 

Remark 2.3. It might be suitable to add a remark on the comparison of the various 
proofs of the Witten rigidity theorem given in [T], [BT], [Liul] and the present paper. 
On one hand, the proofs in [BT] and [Liul] relies on the Atiyah-Bott-Segal-Singer 
fixed point formula (cf. [ASe], [ASi]) and the elliptic function theory, so they don't 
work on the i-T-theory level. This is reflected in [LiuMal] where a proof of a family 
Witten rigidity theorem on the equivariant Chern character level is given by extending 
the method in [Liul]. On the other hand, consider the proofs given in [T], [BT] and 
the present paper (for the last see Section 4 for more details). All these proofs rely 
on Taubes's idea that in certain steps one needs to consider Dirac operators on the 
fixed point set of the induced Z n -actions. This requires that the topological conditions 
imposed in these proofs are for the half of the equivariant first Pontryagin classes. While 
the proof in [Liul] works directly on the fixed point set of the S^-action, and thus works 
under weaker conditions on the equivariant first Pontryagin classes without the factor |. 
This leads to the natural question that whether there would exist a i^-theory version of 
the proof in [Liul]. Very likely one needs to use Hecke operator in the theory of modular 
forms to understand the shift operators and the modular transformations. 

2.4 Proof of Theorem 2.3 

In fact, by setting V = in ( |2.12 ), we know that 



(2.32) E 0<v v^dimN v = -2e. 

Thus the case e > can never happen. If e = 0, then all the numbers dimA„ are zero, 
so that the S^-action cannot have fixed points. From Theorem 1.1, we know that the 
index bundle is zero in K s i(B). For e < 0, one may take V = in Theorem 2.4 to derive 
Theorem 2.3. 

The proof of Theorem 2.3 is complete. ■ 
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Proof of Theorem 2.6 



In this section, we will prove Theorem 2.6 by introducing some shift operators as in [T, 
§7]. 

This section is organized as follows: In Section 3.1, we introduce some notations. In 
Section 3.2, we prove Theorem 2.6 by introducing some shift operators as in [T, §7]. 
Throughout this section, we use the notations of Section 2. 

3.1 Reformulation of Theorem 2.6 

To simplify the notations, we introduce some new notations in this subsection. 

i 

For n E N*, we define a number operator P on K s i(M)[[q n o]] in the following 

i 

way: if R(q) = ® n( zj_ z q n R n G K s i(M)[[q n o]] i then P acts on R{q) by multiplication 

by n on R n . From now on, we simply write Sym (? „(TX), A q n(V) as Sym(TX n ), A(V n ) 
respectively. In this way, P acts on TX n and V n by multiplication by n, and the actions 
P on Sym(TX ra ), A(V n ) are naturally induced from its actions on TX n and V n , etc. So 
the eigenspace of P = n is given by the coefficient of q n of the corresponding element 
R(q). For R(q) = ® n€ j_ z q n R n E K s i(M)[[q^]], we will also write 

(3.1) lnd{D x <g> R(q),m, h) = lnd(D x <g> R m , h). 

Let H be the canonical basis of Lie(S' 1 ) = R, i.e., exp(iif) = exp(27rit) for t E R. If E 
is an S^-equivariant vector bundle over M, let L# denote the correponding infinitesimal 
action of H on Y{M,E). 

On the fixed point set F, let Jh be the representation of Lie(S' 1 ) on E\p. Then on 
T(F, E\p), Lh is exactly the operator Jh on T(F, E\p), and the weight of the S 1 action 
on r(F, E\ F ) is given by the action 

(3.2) J H = z}l^1Jh. 

Ztt 

Recall that the Z 2 grading on S(TX)®™ =1 Sym(TX n ) (resp. S(TY, ® <^(det A^) _1 )<8) 
^(X)) is induced by the Z 2 -grading on S(TX) (resp. 5(TY, ® <U det Write 

i^ = 5(V) (8)^=1 A(K), 
^ J ^ = ®. 6 n + iA(K). 

There are two natural Z 2 gradings on Fy, F v . The first grading is induced by the Z 2 - 
grading of S(V) and the nature Z 2 grading (induced by forms of homogeneous degree ) 
of ®™ =1 A(V n ) and ® n6N+ i A(V^). We define T e \ F i± = ±1 to be the involution defined 
by this Z 2 -grading. The second grading is the one for which F v (i = 1, 2) are purely 
even, i.e., F v + = F v . We denote by r s = Id the involution defined by this Z 2 grading. 
Then the coefficient of q n (n E |Z) in (2.13) of Ri(V), R 2 (V) (resp. R 3 (V), R±{V)) is 
exactly the Z 2 -graded vector sub-bundle of (F v ,t s ), (F v ,r e ) (resp. (F v ,r e ), (F v ,t s )), 
on which P acts by multiplication by n. 

We will denote by r e (resp. t 8 ) the Z 2 -grading on S(TX) ®^° =1 Sym(TX„) ® F v 
induced by the above Z 2 -gradings. 
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Let h v be the metric on V v induced by the metric h v on V. In the following, we will 
identify AV V with AV V by using the Hermitian metric h . By (|2.8|) , as in (|1.12|) , there 
is a natural isomorphism between Z2-graded C(V A )-Clifford modules over F, 

(3.4) S(V R , © <,(det K)" 1 ) ©o<, AV„ - 

By using above notations, on the fixed point set F, we rewrite fl2.15| ), for pGN, 

F P (X) = ®o<« (<8C=i Sym(jV„, n ) <g) neN . Sym^)) (g)^ =1 Sym(TF„), 
( 3 - 5 ) ^(X) = ® <„,„ e N, fSym(A^,_ n ) © det jV„ 



Let Vq = Vq © r C. From Q, (gj), we get 



•^°P0 = ®~ i Sym(^ © <„ (JV„, n © jV„, n )J 0~ , Sym(Ty n ) 

(8)Sym(© <«A^,o) ® det(© <„Ag, 
(3-6) = (gC =1 A(© <,(K,n © V„,„) © IV) 

©5(\/ R , © <t,(det K) -1 ) ©o<^ A(K,o), 

F V = <8>0<n 6 Z+l/2 H®0<v(V v ,n © ^,n) © Vb,„). 

Now, we can reformulate Theorem 2.6 as the following Theorem. 

Theorem 3.1 For each a, h, p G Z, p > 0, m G |Z ; /or i = 1, 2, r = r e or r S; we 
/jane t/ie following identity in K(B), 

, , Ind T {D Y « © F- p (X) © , m + |p 2 e(iV) + Ipd'(JV), /i) 

[ ' = Ind T (L> y « © F°(X) ®F^m + ph + p 2 e, h + 2pe). 

Proof : The rest of this section is devoted to the proof of Theorem 3.1. ■ 
3.2 Proof of Theorem 3.1 

Inspired by [T, §7], for p 6 N*, we define the shift operators, 

^* • A^i;,n * X v ^ n j r p V1 Tit ■ N v>n ► N v t n—pv> 

?"* ■ V VjTl ► yv,n+pui f* • * v,n * * v,n— pv 

This means that we change the action of the operator P on N v>n (resp. N v>n ) by n +pv 
(resp. n — pv), etc. 

Recall that L(N), L(V) are the complex line bundles over F defined by ( |2.10| ). Also 
recall that L = L(N)^ 1 © L(V) is a trivial complex line bundle on F, and g G S 1 acts 
on it by multiplication by g 2e . 

Proposition 3.1 For p G Z, p > 0, i = 1, 2, there are natural isomorphisms of vector 
bundles over F, 

^ r.(^(X))~^(X)®L(JV) p , 
1 J r,(i^)~Ff®L(V)-P. 
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Proof: 1) Under the action of the shift operator r#, 

n(F'JX))=<g) „<« (Sym(N v - n+pv ) ® det N v ) 

(3 10) 0<n<pv V ' / 

= o<» Sym(N v> ®o<« det JV W <g> 

0<n<pi> 

From (3.5), ( |3.10| ), we get the first equation of (|3.9|). 

2) For Fy (i = 1, 2), we only need to consider the shift operator on the following 
elements 

^3 n s F VF = ®™ =1 A(® <v(V v , n ®V v , n )) <g>o< w A(K,o), 

N+l/2 A (©0<t>(K),n © Vv,n))- 

We compute easily that 

The Hermitian metric h Vv on V^, induces a natural isomorphism of complex vector bundles 
over F, 

(3.13) A l V v ~ A^^-^K © det F„. 

In fact, let diy^ be the volume form on (V V) -R,,h Vv ), then we define $ : A duny " -l V„ © 
detF„ -> (A%)* as follows: for Sl G A dim ^ Ji V„ © detF v , s 2 G A% 

^(s 1 )(s 2 )dv Vv = si A s 2 . 

Clearly, $ is an isomorphism of complex vector bundles. By using the Hermitian metric 
h v \ we identify (A%)* to k i V v . 

For n G N, < n < py, < 2 < dim\4, (|3.13|) induces a natural S^-equivariant 
isomorphism of complex vector bundles 



An/ ~ A dim Vv 6d r\pf V 

(o -\ a\ v,n—pv — Ji Vv,-n+pv yy ciei v v , 

A*17 i ~ AtUmK-*V i (Script 17 



This means 



(3.15) 



A ln V v , n . pv ~ (g) (A dimK "^ K,- n+P , © det 7„) , 



?teN,0<n<pu neN,0<n<pw 

A J "F„ jn _ p , + i ~ (g) (a^^V^i © det F, 

?i6N,0<n<pt) n£N,0<n<p?j 



From (2.10) and the isomorphisms Q3.12 ) and ( |3.15 ) of complex vector bundles over F 



one gets the second induced isomorphism in fl3.9|) . 
The proof of Proposition 3.1 is complete. 
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Proposition 3.2 For p 6 Z, p > 0, i = 1, 2, the bundle isomorphism induced by (\3-9( ), 
(3.16) 



r* : S(TY, ® 0<v (det Nv)- 1 ) ® F~p{X) <g> F v 

-> S(TY, ® <v(det Nu)- 1 ) ® JF°pT) ® P£ ® L"P, 



verifies the following identities: 



(3.17) 



r- 1 -P-r, = P + pJ H + p 2 e - \p 2 e{N) - %d'(N). 
For the Z 2 -gradings, we have 
(3.18) r e r* = r*r e , 



Proof : The first equation of ( |3.17|) is obvious. 

To prove the second equation of ( |3.17 ) we divide the argument into several steps, 
a) From ( |3.15| ), on » £ n A. ln V ViTl , we have 

0<n<pv 



(3.19) 



x Pr* = X] »6N (dimK - i n )(—n + P^) 

0<n<pt) 

= P + pJ# + ^ „ eN (-n + pv) dimV v 

0<n<pv 

= P + p3h + \ ip 2 v 2 - pv) dim V v . 



Thus, from fl2j), (|5l9|) , on (g) 0<u (g) neN A in VV, we have 

0<n<pt! 



(3.20) 



r^Pn = P + P 3 H + \p 2 e{V) - l -pd'{V). 



The operators P and Jh act on S 1 ! V^ R , det(®o <v V v ) 1 ) by multiplication by 



(3.21) 



1 l 

0, --E 0<v vdimV v = --d(V). 



respctively. 

When P acts the rest part of F v , we have 



(3.22) 



1 Pr* = P + pJ^. 



From ( |3.6j ), (|3.20| ), ( |3.21|) and ( |3.22|) , we know that when acting on F v , one has the 
equality: 



(3.23) 



r: l Pr, = P + P 3 H + ^p 2 e{V). 



b) Similar to ( ^.2U| ), from ( |3.15| ), on „ SN A in V vn+ i, we have 

0<n<pti ' 2 

r~ 1 Pr* = Y^ neN (dimV v - i n )(-n + pv - \) 

(3 24") 0<n<Jrt) 

l ' ; = P + pJ H + (dimV v )J2 -eN (-n+pv - \) = P + pJ H + -pVdimK- 
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From (Op, ( Km , on <g) (g) „ eN A in V vn+1 , we have 



0<n<pf 

(3.25) r^Pr, = P + P J H + ^p 2 e(V). 

When P acts on the rest part of F v , one has 

(3.26) r~ x Pr m = P + pJ H - 



From (|3~25|) , (|3~26|) , on Fy, we again have ( ^23|) 



c) Note that on <&o<v,o<n< P v det A^, J# acts as pe(N) + d'(N). By (|3.5|), we know 
that on ^(X), 

(3.27) r^Pr* = P + pJ H - p(pe(iV) + d'(N)). 

On 5(Tr,det(© 0<) ;^)" 1 ), Jjy acts as -\d'{N). So on S(TY, det^^A^) -1 ) ® 
^- p (X) 

(3.28) r^Pr* = P+pJ H - p 2 e(N) - -pd'(N). 



From (2.12), ( ggg ), b) and ( gg§ ), we get the second equation of (|37T7|) . 



Finally, under our operations, the Z2-grading r s does not change. For the Z2-grading 
r e , it changes only on (g) (g) „ eN A*"l/„ in of F y (resp. on (g) 0<t; (g) „ eN A^V^+i 

0<n<pi) 0<ra<pu ' 2 

of Fy). From ( |3.15|) , we know that 

(3.29) r; 1 ^ = (-i) 2 «<^ dim ^ Te . 

As Ipi{V) s i e H* S1 (M, Z) is well-defined, from (2.5), (2.11), we get 

(3.30) ^2vdimV v = mod(2), 



0<t; 



From flggp , (P^CD , we get ( |3TT8| ). 

The proof of Proposition 3.2 is complete. ■ 

Proof of Theorem 3.1 : From Q2.12j ) and Propositions 3.2, for each a, h, p G Z, p > 0, 
m G |Z, and for i = 1, 2, r = r e or t s , we have the following indentity in K(B), 

Ind r (P y « <8> F- p (X) <g> F v , m + |p 2 e(X) + \pd'{N), h) 
(3.31) = ind T (P y « <g> F°(X) (8) F y ® L~ p , m + ph + p 2 e, h) 

= lnd T (D Y « ®F\X)®Fy,m + ph + p 2 e, h + 2pe). 

The proof of Theorem 3.1 is complete. ■ 
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4 Proof of Theorem 2.7 



In this section, we prove Theorem 2.7. Many arguments in this section are inspired by 
[T, §6, 9]. We will construct a family twisted Dirac operator on M(n,j), the fixed point 
set of the induced Z nj action on M. By applying our i^-theory version of the equivariant 
family index theorem to this operator, we derive Theorem 2.7. 

This section is organized as follows: In Section 4.1, we construct a family Dirac 
operator on M(jij). In Section 4.2, by introducing a shift operator, we will relate both 
sides of equation (|2.26|) to the index bundle of the family Dirac operator on M(rij). In 
Section 4.3, we prove Theorem 2.7. 

In this section, we make the same assumptions and use the same notations as in 
Sections 2 and 3. 

4.1 The Spin c Dirac operator on M(rij) 

Let 7r : M — > B be a fibration of compact manifolds with fiber X and diniR,X = 21. We 
assume that S 1 acts fiberwise on M, and TX has an S^-invariant spin structure. Let V 
be a real vector bundle over M carrying an ^-invariant spin structure and diniR V = 2k. 

Let F = {F a } be the fixed point set of the S 1 action on M. Then ir : F — > B is 
a fibration with compact fiber Y . For n G N, n > 0, let Z n C S 1 denote the cyclic 
subgroup of order n. 

For rij G N with rij > 0, let M(rij) be the fixed point set of the induced Z n -action on 
M. Then ir : M(rij) — > B is a fibration with compact fiber X(rij). Let N(rij) — > M(rij) 
be the normal bundle of M(rij) in M. Then we have the following Z n -equivariant 
decomposition of N{rij) £g>R C over M(rij), 

(4.1) iV(n j )®nC= N{ nj ) v . 

0<v<rij 

Here N(rij) v is the complex vector bundles over M(nj) with g G r L rij acting by g v on 
it. Complex conjugation provides a C anti-linear isomorphism between N(rij) v and 
N{rij) nj _ v . If rij is even, this produces a real structure on N(rij)^i, so this bundle is the 
complexification of a real vector bundle N(rij)^ on M(rij). Thus, N(rij) is isomorphic, 

"2" 

as a real vector bundle, to 

(4.2) N{ nj )~ (g N( nj ) v ® Nfa)^. 

0<v<rij/2 

Similarly, we have the following Z nj . -equivariant decomposition of V ®r C, 

(4.3) V® R C= V(nj) v . 

0<V<Tlj 

Here V(rij) v is the complex vector bundle over M(rij) with g G Z nj acting by g v on it. 
For v 7^ 0, complex conjugation provides a C anti-linear isomorphism between V(rij) v 
and V(rij) nj - V . If rij is even, this produces a real structure on V(n 3 -)^., so this bundle is 
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the complexification of a real vector bundle V(jij)^ over M(rij). Complex conjugation 

also provides a real structure on V(rij)o such that V(rij)o = V(rij)^ ©r C. Thus, over 
M(rij), V is isomorphic, as a real vector bundle, to 

(4.4) V\ M{nj) ^V( nj )f V{ nj ) v ®V{n 3 )\. 

2 

0<v<rij/2 



In ( |4.2|) , (|4.4| ), the last term is understood to be zero when rij is odd. 

It is essential for us to know that the vector bundles TX(rij) and V(rij)^ are ori- 
entable. For this we have the following Lemma which was proved in [E] and [BT, Lemma 
10.1]. 

Lemma 4.1 Let W be a real, spin vector bundle over a manifold M . We assume that Z n 
(n G N*) acts on M, and that the Z n action lifts on W and preserves the spin structure 
ofW. Let M(n) be the fixed point set of the Z n action on M. Let Wq be the subbundle 
of W over M(n) on which the generator of Z n acts trivially. Then Wq is orientable. 

By Lemma 4.1, TX(rij) and ^(%) R are orientable over M(rij). Thus N(rij) is 
orientable over M{rij). By (|4.2|) , fl4.4|) , iV(nj)nj and V{nj)\ are also orientable over 



2 



M{rij). In the following, we fix the orientations of iV(nj)^ , V(nj)^ over M{rij). Then 

~2~ ~2~ 

TX(nj) and V(rij) R are naturally oriented by (|4.2|) , (|4.4|) and the orientations of TX, 

2 2 

Let us denote by 
(4.5) r(nj) = i(l + (-in. 



Lemma 4.2 Assume that t\2.b\) holds. Let 



(4.6) £(^,) = (g) (det(Ar(n i ) v )g)det(y(n i ) t) )) 



(r(nj)+l)D 



0<v<nj/2 



be the line bundle over M(nj) . Then: 

i) L{rij) has an n* h root over M(jij). 

ii) Let 

Li = ® <v<n 3 /2 ( det(N( nj ) v ) ® det(V>^)) ® L( ni )^)/»i 
^2 = (8) <„<n,/2 (det(iVK), ) )) ® L(n,)-K)/^. 



Lei C/i = TX(^) © ^(%) R and C/ 2 = TX{ nj ) © V(nj)^. T/ien TX( nj ), V{nj)% 

2 2 

and V(nj)^ are of even dimensions. Furthermore, U\ (resp. U%) has a Spin structure 
defined by L\ (resp. L 2 ). 
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Proof: By [BT, Lemma 9.4], TX(rij), V(rij)lL and V(nj)^ are of even dimensions. 
From the proof of [BT, Lemmas 11.3 and 11.4], we get the rest part of Lemma 4.2. ■ 

Lemma 4.2 is very important. It allows us, as we are going to see, to apply the 
constructions and results in Section 1.3 to the fibration M(rij) — > B, which is the main 
concern of this Section. 

For pj e N, pj < rij, (pj,n,j) — 1, (3j — — , let us write 



F(flj) = ®o<nezSym(TX(n j ) n ) ® 0<v<n . /2 Sym(^0 o< N( nj ) 

v.n 

0o<nez- Pj ,/n 3 N ( n i) v ,n) ®o<nez+i Sym(N( nj ) ^ J, 

F HPj) = A ( ©0<neZ ^(nj)o,n©o<t)<ii j /2 ( ©0<neZ+p^/n j V(nj)v,n 

QoKnez-piv/mVirij)^) © <„ eZ +± ^K^), 

F v(Pj) = A ( ©0<n6Z Vfai^.n ©0<k % -/2 ( ©0<n6Z +ft -«/n f +I Vfaikn 
©0<neZ- Pi «M+|^K-)«,n) ©0<neZ+i ^K0o,n)- 

We denote by D x ^ the S' 1 -equivariant Spin c -Dirac operator on Li) or S^C^, £2) 
along the fiber X{rij) defined as in Section 1.3. We denote by D x{n ^ © t($ 3 ) ® 
(i = 1, 2) the corresponding twisted Spin c Dirac operator on S(Ui, Lj) ®J-{(3j) <S>Fy((3j) 
along the fiber X(rij). 

Remark 4.1. In fact, to define an ^-action on L{nj) T<yn ^l n \ one must replace the 
S^-action by its rij-fold action. Here by abusing notation, we still say an S^-action with- 
out causing any confusion. 

In the rest of this subsection, we will reinterpret all of the above objects when we 
restrict ourselves to F, the fixed point set of the S 1 action. We will use the notation of 
Sections 1.3, 2. 

Let Np/M(n-) be the normal bundle of F in M(rij). Then by (2.7), 

1 ' ' TX( nj ) ©r C = TY ©r C ®o<v,ve nj z (N v © N v ). 

By ( |2.7| ) and (4.1), the restriction of N(rij) v (1 < v < nj/2) to F is given by 

(4.10) N( nj ) v = N v , N v , 

0<v':v'=v mod(nj) 0<v':v'=—v mod(nj) 

By ( |2.8|) and (|4.4| ), the restriction of V(rij) v (1 < v < rij/2) to F is given by 

(4.11) V{ nj ) v = V v > V v >. 

0<v' :v'=v mod(nj) 0<v':v'=— v mod(nj) 

and for v = 0, 

(4.12) %)o = ^®rC (y„©7 B ). 

0<t),t)=0 mod(nj) 
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From (P)- (f3~T2D , we have the following identifications of real vector bundles over F, 

^ ^ TX(rij) = TY (& 0<v v=0 mod ( nj ) N v , 

V(nj)n± = ® 0<V)V =?i mo d(n. f ) Vv- 

We denote by Vq = Vq 1 ©r, C the complexification of V R over F. As (pj,n,j) = 1, we 
know that, for d 6 Z, Pj v / n j G Z iff v/rij G Z. Also, Pjv/rij G Z + | iff v/rij G Z + |. 
From (]49|)- (14121) , we then get 

(4.14) 

HPj) = ®o<nezSym(TF n ) &„< ^ £ mod( } ® 0<neZ+ Eil $ym(N v , n © jV«, n ) 

n j 

®0<«'<n i /2 S y m ( «nod("i) ( ©0<neZ+^ N v,n © <neZ-^ ^,n) 

\ \ nj nj / 

nwdfajf © <neZ+^ ^.n © <neZ-^ ^«.« ) ) > 

Fviftj) = A _ ©0<neZ Kl.n o<ViV=Ol ^ mo d(ry) ( ©0<n G Z+^i © <n G Z-^ ^) 

®0<i>'<n.,/2 (©«=«',-))' mod(rij) ( ®0<neZ+^ ^",n © <neZ-^ ^,«) ) ' 

F v(Pj) = A ©o<nez+| K),n ©o<u,u=o,^ mod(% .) ('©o^ez+^+l ^>> n ®o<nez 

®0<v'<nj/2 [ ®v=v',-v> mod(n 3 ) ( © <neZ+^ + i V v,n © <neZ-^ + ± 



Now we want to compare the spinor bundles over F. From flOD , Q, (UTol) and 
( 4.11|) , we find that over F we have 

r(nj) . 

L{nj) n i = <S> <v'< nj /2 ( ®«=t/ mod(nj) (det JV„ ® det 7„ 

,\r(rij)/nj 

<%>v=-v> mod(n J )(det N v © det F„)~ 2 ' u 



\2t/ 
v 



u 15 % £i = <8W<V2 ( «W mod(n,) (det N v <g> det F v ) 

m ^ nj) {tetN v ®d&V v )- 1 ^ ®L(n i ) r(n ' )/ry , 

L>2 = <8>0<i)'<n,/2 ( ®TJ=v' mod(nj) det iV^ 

®„=-,/ modtejCdetiV,,)- 1 ) ® L(nj) r(nj)/ " J '. 
From ( (4.13[ ), over F, we have 

© V>,) R = © V R © <,,,=o modK) (N v © K), 
i 4 - 16 ) TX( nj ) © V>,)| = TF ©o<^ =0 modK) N v ® 0<VjV= 2l mod(n .) K, 

Recall that the Spin c vector bundles U\ and C/2 have been defined in Lemma 4.2. Let us 
write 

(4.17) 
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SiUuLj' = S(TY®V R ,L 1 



(detN v <g> detK) -1 



AK. 



0<v, 
v=0 mod(nj) 



s(u 2 ,l 2 )' = s(ty,l 2 (g) (detAy- 1 



0<v, 
v=0 mod(tij) 



(detK,)" 1 



AK 



0<D, 

n=0 modfiij) 



0<u, 
-J- mod(nj) 



-J- mod(n.j) 



Then from ( |1.47| ), (1.49) and Q4.17 ), for i — 1, 2, we have the following isomorphism of 
Clifford modules over F, 

(4.18) 3{Ui,Li) ~S{Ui,Liy®A(® 0<v,v=0 mod(nj) N v ). 

We define the Z 2 gradings on S(Ui,Li)' (i = 1, 2) as that induced by the Z 2 -gradings 
on S(Ui,Li) (i = 1, 2) and on A(© <^=o mod(n -)N V ) such that the isomorphism (|4.18| ) 
preserves these Z 2 -gradings. 

We define formally the following complex line bundles over F, 



-i 



5 <v, (det N v ® det V v ) ® 0<v (det N v ® det K) _1 

v=0 mod(nj) 



L' 



L 2 1 ® <«, det A^ 

u=0 mod(nj) 



D o<», det V v <S>q <v (det AT„) 1 

v=rij/2 mod(nj) 



lV2 

? 

1 1/2 



From fll. lip , ( |1.47|) , Lemma 4.2 and the assumption that V is spin, one verifies easily 
that Ci(L'i) = mod(2) for % = 1, 2. Thus L' 1; L' 2 are well defined complex line bundles 
over F. For later use, we also write down the following expressions of L\ (i — 1, 2) which 
can be deduced from ( |4.15|) : 



mod(rij ) 



(det AT„ <g> det V„) 



(4.19) 



0<-u,0<-tK ^- mod(nj) 



(det A^,) -1 



2 



0<i;,-j-<i)<rtj mod(rtj) 



(detK)" 1 , 



L^-)- 1 ^ ® <^ mod(nj) (det N v ® det V v 



0<«,0<«<-^-mod(nj) 



n ,(detN v ) 



From ( 4.15P , ( 4.17|) and the definition of L\ {% = 1, 2), we get the following identifi- 
cations of Clifford modules over F, 

S(U lt L x )' ® L[ = S(TY, ® 0<v (det N^ 1 ) ® S(V R , ® 0<v (det V,)- 1 ) 
(4.20) ®A(© 

0<v,v=0 mod(rij) 

V v ) 



S(U 2 , L 2 )' g> L' 2 = 5(TF, ® <,(det A^)- 1 ) ® A(( 



0<v,v=-^- mod(rij) 



To compare the Z 2 -gradings in ( |4.20| ), we will compare explicitly the orientations. 
Recall that, if (W, h ) is a real Euclidian vector space of dimension 2m, and J is a 
complex structure on W which preserves h w . Let {e^, Jej}™^ be an orthonormal basis of 
(W, h w ). Then W is canonically oriented, and its orientation is defined by the canonical 
Riemannian volume form 



(ei A Jet) A ■ ■ ■ (e m A Je m ) = cfo 



ir- 
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Let (Ivtx, dvy be the corresponding Riemannian volume forms on (TX,h TX ) and 
(V, h v ) which define the orientations of TX, V over M. Let dv^ v and dvjj ( resp. dvy v , 
dvy ) (0 < v) be the canonical Riemannian volume forms on i\T V) R and iV^R = iV^R (resp. 



K,R5 ^u,R — K,r)- Then through the identifications (|1.12|) and ( |3.4|) , the orientations 
of TY and V^ R over F are defined by the volume forms dvTY and dv v n respectively such 
that 



(4.21) 



dv T x = dv TY <S) 0<V dv Nv , 
dvy = dv V R (g> <„ dv Vv . 



By (4.10) and (4.11), the orientations of TX{n-) and ^(n,-)* when 

restricted to F, are given by 



(4.22) 



dv T x\F = dv T x( nj ) 



dv 



dvy I f = dvx 



0<v' <rij /2 u=u' mod(nj) v=—v' mod(rij) 



dvjf) ®dv N{nj) n. , 
7 -r 



J V \F = uv V ( n .^n ^ i u-uvi 

0<v' <nj /2 v—v' mod(nj) v=—v' mod(nj) 



dvy) ®dv vinj) n 



J 



respectively. 

Clearly, we have 



dv Nv = (-l) dimiV ^, 

dW v = (-l) A ™ V «dVy v . 



(4.23) 

From flPID , QOg) and (|4~23|) , we get 



fie 



(4.24) 



where 



(4.25) 



0<t),i)=0 mod(rtj) 

dlV(nj)gt = (-l) A(nj ' V) dv v n (g) d Wo , 

0<d,d=0 mod(rij) 



A(n j} N)= Yl dimN v + o(N( nj )^ 

^-<v'<nj°< v=v ' mod(nj) 

A(nj,V)= Yl dimV v + o(V(nj)^ 



^-Kv'Krij ^^' mod(nj) 



1 / ' 
2 



with o(N(rij)^) = or 1 (resp. o(y(rij)^) = or 1), the value depends on whether 

2 ~2~ 

the given orientation on N(rij)^ ( resp. V(rij)?L ) agrees or disagrees with the complex 

2 ~2~ 

orientation of © » 3 - *N V (resp. © ™j \V V ). 

v =-^- m od(?ij) "V ^ V= -J- mod(rij) u / 

From (|4.13| ), (|4.18|) , (|4.23|) and (|4.24j) , we see that, for the Z 2 -gradings induced by 
r s , the difference of the Z 2 -gradings of ( |4.20| ) is (— l) A ( n J' Ar ); for the Z 2 -gradings induced 
by r e , the difference of the Z 2 -gradings of the first (resp. second ) equation of (|4.20| ) is 

(_1)AK,V)+A(n,,y) (regp _ 



A(n J -,Ar)+o(y(n j )R) i 
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4.2 The Shift operators 

Let p G N* be fixed. For any 1 < j < J , inspired by [T, §9], we define the following 
shift operators r^: 

(A Of^\ ^j* ' ^v,n * v,n+(p—l)v+pjV /rij ) Tj* ■ -^v,n * ^v,n—(p—l)v—pjv/nji 

I / „ . T/ T/ 7» • T7 17 

' j* ■ *v,n ' v,n+(p— Vjv+pjV/nj i ' j* ■ " v,n " v,n— (p— l)v— pjv/rij ■ 

This means that we change the action of the operator P on N v>n by a multiplication by 
n + (p — l)v + pjv/rij, etc. 

If E is a combination of the above bundles, we denote by r^E the bundle on which 
the action of P is changed in the above way. 

From ( ggp , ( F5|) , we get 



(4 27) = ^ (X) ® ^W^f (Sym(iV„ i _ n ) ® det JV, 

®(«,«)el? S y in ( iV *.™)- 
Recal that the vector bundles (i = 1, 2) have been defined in (3.6). 

Proposition 4.1 There are natural isomorphisms of vector bundles over F, 

rj*Fpj-i(X) * Ftfj) ® <^o r dK) Sym(iV, i0 ) 

® 0<v (detN v ) [ ^ Mp - 1)v+1 (8) Q<ViV=0 mod{nj) (deti\y-\ 

r4 2R x r^(X) ~ m) <8> <^=o m od K .) Sym(iV Vj0 ) ® 0< „ (detiV^^- 1 ^ 1 , 
1 • J r^F* ~ 5(V*, ®o<,(det K)- 1 ) ® F v %) ® 0<v , v =o mo d(.,) A(K,o) 

® 0< „(detF,) [ ^ ]+(p - 1> , 

[^+i]+(p-i)« 



r 



~ ^) ® 0< " 4 mod(n , A(K,o) ®o<, (det V v ) 1 * 



3 *j. y — j. yy/^jj Yy 0<vv= ^_ mo d( nj ) 

Proof : The proof is similar to that of Proposition 3.1. We divide it into several steps. 
1) From ([33]), (fL2§), we get 

(4.29) r^JT) = (g) Sym(iV ; _ n+(p _ lKf ^) ® Q< , (det iV^)^ 1 )^ 1 . 

0<».nEN 
0<n<(p-l)i> 



Note that by (|2.20|) , for v G J = {u G N| There exists a such that Af„ ^ on 
.Fq,}, there are no integer in ] ^7 1 " , ^[. So for f G J and io = j — 1, J, the elements 

(f , n) G U^ 1 Jf are (u, (p — l)t> + 1), • • • , (f, (p — l)v + [^^]). Furthermore, 
(4.30) [flt^] = [ffil]_i if « = mod(n,), 

- it t)/0 mod(nj). 



n 7 _i n 
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From ( P^TD , ( gg§ and flOOP , we have 

r i* ( ®(«,n)eu^if (Sym(iV r _„) g) det i\T„ 



(4.31] 



= ®(«,n)eu£;;f SyMN v ,-n+( P -i)v+ 1 ^) ®o<, (detiV„) 
<g> <«, (detA^) -1 , 

v=0 mod(nj) 

®(«,n)ei4 x Jf (Sym(JV„ _ n ) <g> det jV„ 
= 0(^)6^^ Sym^-n+cp-iv+^i) ®o<, (deti\g% ] . 



From (3.5), (4.14), (|4~27|) , ( P~29l ), flOID , one easily gets the first two equations in 
d428|) . 

2) For < n < (p — l)v + n G Z, < z < dirnK, ( |3 . 1 3| ) induces a natural 
S^-equivariant isomorphism of complex vector bundles over F, 



(4.32) 



u,n— (p— l)u — — n+(p— l)v+^— 



det 1/,. 



From (|3j) and ( ^32|) , as in (gj), we obtain the third equality of flOSl) . 

3) For < n < (p — l)t> + ^ + n. G Z, < i < dim 14, (|3.13| ) induces a natural 
S^-equivariant isomorphism of complex vector bundles over F, 



(4.33) 



u,n-(p-l)t)--f — 2 



yYdim V v -iy 



« ,-n+(p-l)«+^- + i 



det V, 



From (|4~33| ), as in Q, we get the last equality of ( g728|) . 

The proof of Proposition 4.1 is complete. ■ 

Lemma 4.3 Let us introduce the following two line bundles, 

L{f3j)i = L[ ® 0<v (detN v ) [ ^ ]+ip ~ 1)v+1 ® 0<v (detv/^^ 

i A oa\ ®0<v,v=0 mod(n,)(det N v ) , 

L(Pj) 2 = L> 2 ® 0<v (det N v ) [ »* l+iP 1)v+1 ® <„ (det V v ) [ "* ^ 

®0<v,v=0 mod(n J )(det N v )~ . 

Then L(/3j)i, L(j3j)2 can be extended naturally to S 1 -equivariant complex line bundles 
which we will still denote by L(/3j) 1 , L(/3j) 2 respectively over M(nj) . 

Proof : We divide the argument into several steps. 
1) Write 



(4.35) 



rPjV PjV u(v) 



n ; 



Note that for v = ^ mod(n j ), ^ = \. From (pA0|) , ( ELT9[) and (|435D , we get, formally, 
L(/3,)i = L-^ 1 )-^ 3^ (det g, det V l 



(4.36) 



-r(n,-) 



^<v^<v< nj m od K .)( det ^ ® det Vv) ® Ir(T»i) ^ • 
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Note that, if v = v' mod(nj), then u(v) = u(v'). Also, for < v' < rij, u>(rij — v') 



rij — uj(v'). From 



(14101 ), ( PH ) and flOBD , formally, we get 



(4.37) 



det(iV(n,),) ®det(^(n,)^ 



0<u<- 



We introduce the following line bundle over M(rij), 
(4.38) (g) (det(N(n,0,,)®det(V^J 



— u)(u)— r(nj 



0<l!<- 



Note that a;(u) = Pjf mod(nj). If rij is odd, then r(rij) = 0, Lemma 4.2 implies that 
L^{(3j) l / nj is well defined over M(rij). If rij is even, then pj is odd, and r(rij) = 1, Lemma 
4.2 again implies L^(/3j) 1//nj is well defined over M(rij). So L((3j)% extends naturally over 
M( nj ). 

2) From ( ^ToD , (gig) , QOg) , we get 



L(&) 2 = ®o<, (det N v ) n i 1 ® <, (det V^) [ -y 



o<«, det N v 

-^-<v<rij mod(rij) 



(4.39) 



v=-i- mod(nj) 



(det N v <g> det K) ® £ ) 



r(nj)/2 



-r(nj)/2rij 



By using the same argument as in 1), one deduces that 



>>0<v 



(detJV„)- w WAy 



det JV„ 



det iV„ 



r(n i )/2 



(4.40) 



0<jj, 

-i-<v<rij mod(nj) 



v=-i- mod(nj) 



(det^K)^)-"^^. 



0<X-if 



Note that, if there exists m G [0,pj[ with m G N, such that m < pjv/rij < (m+ |), then 

(4.41) [— + ^] = P^M - u{v)/ nj . 

rij l 

While if there exists m e]0,pj], m G N such that (m — |) < Pjv/rij < m, then 
(4.42) 

From ( |4.1ip , we have the following formal identity, 



Pr + \]= Pj v / n j + K ~ u(v))/rij. 
rij z 



(det V v ) n i 



(det V % 



0<ti'<n,-,»7iEN v=v' mod(nj) 
m<pjv' /rij<m+^ 



0<«'<»j,meN lf=l)' mod(rtj) 
m— i <pjv' /nj <m 
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(4.43) 



(detV v ) n i (g) (detV v ) *y 

0<i'<nj/2,mfN u=t/ mod(nj) v=—v' mod(n,j) 

m<pjv' /rij <m+i 



(det V„)" 



0<u'<nj/2,meN \b=-b' mod(nj) 
m— 2 <Vj v ' /rij<m 



f x i (det Vt, 

u=-t/ mod(rtj) 



(nj-m(ti' )) 



(det(vK)jr " j 09 det (^(%u- 

0<f'<n j /2 l<m<pj/2 m -\<pjV' /nj<m 

Recall that for t> G Z, Pjv/rij G Z iff f/nj G Z, also Pjv/rij G Z + | iff v/rij G Z + |. 
From (fXT0| ), (^39D-(f03|), we get 



-(p-1)- 



(4.44) L(f3j) 2 = L n i®L?((3j) n i (£) det(y(n i )„,)- 

l<w<Pj/2 m-^<pjv' /rij<m 

The proof of Lemma 4.3 is complete. ■ 
Let us denote by 

ex = \ Eo<,(dim iV„ - dim V v ) [([^] + (p - 1»([^] + (p - 1) V + 1) 

-(^ + (P-1)«)(2([^] + (P-1)«)+1)', 
^2 = | Eo<,(dimiV,) [([S£] + (p - 1) V )([^] + (p - 1)„ + 1) 

-(^ + (p-l»(2([^] + (p-l» + l)" 

4Eo<,(dimK)[([^ + |] + ( P -l)^) 2 

-2(^ + (p-i)«)([aE + i] + (p-i)«)\ 

Then e\, e 2 are locally constant functions on F. 

Recall that, if E is a S^-equivariant vector bundle over M, then the weight of the S 1 
action on T(F, E) is given by the action J# (cf. Section 3.1). 



(4.45) 



Proposition 4.2 Fori = 1, 2, the isomorphisms induced by (4-20) and ( 4-28 ) 



r a : S(TY, ® <,(det A^) _1 ) ® ^ M -i(X) <g> F*. -> _ 
S 1 ^, Li)' ® J^) ® <g> L(^)i ® o<„, Sym(iV v ,o), 

C4 A ft) u=0mod(n,) 

1 ' V i2 : S(TY, ® <,(det iV;)" 1 ) ® F Pti (X) <8) F%r —> 

S{Ui,Li)' ®F{(3j)®Fis{p j )®L{p j ) i ® 0<v , (Sym(N vfi )®debN v ), 

v=0 mod(nj) 

have the following properties : 

1) for i = 1, 2, 7 = 1, 2, one has 



(4.47) 



r^Jnr^ = J H , 

1 Pr^ = P+(^ + (p-l))3 H + e 



17) 
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where 
(4.48) 



en =Ei- e(p, /3j_i, N), 
£i2 =et- e(p,(3j,N). 



2) Recall that o{V{nj)\ ) was defined in Denote by 



Hi = ~ Eo<J^] dim V v + A(n i; N) + A(n j: V) mod(2), 
(4.49) fJ.2 = ~ Eo<J^7 + ll dim V v + A( nj , N) + o{V{ nj )^) mod(2), 
fi 3 = A(n j ,N) mod(2). 



Then, for i — 1, 2, 7 = 1, 2 ; one /ias 



(4.50) 



r i 7 7"e'"i7 
r i 7 Ts'"i7 



;-ir^ e , 



Proof. The first equality of ( |4.47|) is trivial. 
From (2.24) and flOOp , one has 

(4.51) e(p,P j ,N)=e(p,P j - 1 ,N)+ ^ ((p - l)v + ^) dimiV„. 

0<ti,t>=0 mod(nj) ^ 

For z = 1, 2, denote by £i(V) the contribution of dimK to £j. From ( 4.32|) , when 
acting on o<«,neN A tn V V)n , as in (|3.20| ), we get that 

0<ra<(p-l)t)+^ 



(4.52) 



rfiPr^ = P + ((p-l) + ^)J B 

+ ^ o<»,»en, (dimK)(-n + (p — l)u + ^) 

0<n<(p-l>+^- 

= P + ((p - 1) + $ Jfl + e x (V) - J((p - 1) + Bd'in 



Similarly, by (|4.33|) , when acting on o<»,«en A. ln V vn _i, as in (|3.24|) , we 



get that 



r^ Pr ^ = P + ((p -1) + ^)J H 



(4.53) 



+ £ o<„,„ eN , (dimK)(-n+(p-l> + ^ + |; 

0<n.<(p-l>+^+± 1 

p + ((p-r> + i)j H + E 2 (v). 



From (|3T21| ), fl09T)-(|OTD, (|3Tj), ( g5g ), (ggg ), and by proceeding as in the proof 
of Proposition 3.2, one deduces easily the second equation of (|4.47|) . 
3) From (O^), on (g) A^y^n, we have 

0<n<(p-l>+ — 



(4.54) 



:-i) 



-E <v([^]+Cp-l)«)diinV B 
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From (14.331), on 6d 

0<n<(p-l)«+^-+i 



A* n V V)Tl _i, we have 



(4.55) 



-S 0< „([^ + i] + (p-lHdimK, 

•1) r R 



As we don't change the Z 2 -grading in the rest part of fl4.46Q , from ( |3.30| ), (|4.17 ), ( |4.54| ), 
(|4.55| ) and the discussion following (|4.25| ), we get fl4.50|) . 

The proof of Proposition 4.2 is complete. ■ 

The following Lemmas 4.4 and 4.6 were essentially proved in [T, Lemmas 9.6, 9.7]. 

Lemma 4.4 For each connected component M' of M(rij), Si, £2 are independent on the 
connected component of F in M' . 



Proof: From (2.12), (gTJ ), ( |4TT3| ), (|4T35| ) and (4.45), we get 



1 



£1 



9 E E (dimiV v -dimK) 



n ; 



0<v'<rij 0<v,v=v' mod(nj) 

(4.56) 



0<i)'<n 3 /2 

By combining (4.11), (4.13), (4.16), flPlD , §~4$) and (4.45), as in ( ^56|) , we get 

uj{v') 



= (p - 1 + ^) 2 e - — f dim R N(n,j)^ - dim R 7(^)5 
TZj lb v 2 2 

1 / .. AT/ . . \ u(v')(nj — cu(f')) 

-- 2^ ( dimiV(nj)«' - dimy(ra 3 -)„ ■ ' 



^2 = £l 



5 E E (dimn^),o- 



(4.57) 



2 z — ' * — ' "' Tlj 

0<m<pj m <pjv'/nj<m+± 



4e 



0<m<pj rn-±<p j v'/n j < 



n ; 



The proof of Lemma 4.4 is complete. ■ 
The following Lemma was proved in [BT, Lemma 9.3]. 

Lemma 4.5 Let M be a smooth manifold on which S 1 acts. Let M' be a connected 
component of M(rij), the fixed point set of Z n . subgroup of S 1 on M. Let F be the fixed 
point set of S 1 - action on M. Let V — > M be a real, oriented, even dimensional vector 
bundle to which the S l -action on M lifts. Assume that V is spin over M . Let pj G]0, n^[, 
Pj G N and (pj,Uj) = 1, then 



(4.58) 



E(dmiK)[— ] + A(n i , V) mod(2) 



0<v 



is independent on the connected components of F in M' . 
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Recall that the number d'(/3j,N) has been defined in (2.24). 

Lemma 4.6 For each connected component M' of M(rij), d'((3j,N) + /ij mod(2) (i = 
1, 2, 3) is independent on the connected component of F in M' . 

Proof : The assertions for the cases i — 1, 3 follow immediately from Lemma 4.5 by 
replacing V with TX. 

From (4.41) and (4.42), we have 

o{V{n )l /2 ) + £(dimK)[^ + \\ = £(dim + o(V(n*)JJ /2 ) 

0<D -' 0<1> J 

(4.59) + £ £ £ dimK+ J2 dimV - 

0<m<pj 0<u'<nj 0<u, 0<v, 

m—T;<pjv' /nj<m v " 2 mou k"j; 



By (|4.13|) , the last term in ( |4.59|) , dim R ^(n./) R . / 2 , is a locally constant function on 
M(nj). 



By (|4.11|) , the third term on the right side of ( 4.59|) is equal to 



dimV;+ S2 dimV(nj) vl mod(2) 

(4.60) rij/2<v'<nj 0<v,v=v' xaadfaj) 0<m<p i <«'<^ 

m— j <Pjv' /rij <m 



The last term of ( f4.60|) is a locally constant function on M(nj). 

By (gg| ), the first term in QCT|) is o(V(nj)f j/2 ) +A(n,j,V) mod(2) . On the other 
hand, by Lemma 4.5, we know that £ <u(dim ] + A(rij, V) mod(2) is independent 
on the component of F in M'. 

By the above discussion, the left side of ( |4.59| ) is mod(2) independent on the compo- 
nent of F in M'. 

The proof of Lemma 4.6 is complete. ■ 

4.3 Proof of Theorem 2.7 

From ( ggg ), (^rq ), Q4TTD and dOOD , we have 



^dimiV„= dimN(rij) v + -dim R N(n j )* /2 + ^ dimN v , 

(A61)° <V 0<v<^ " 0<t),i)=0 mod(nj) 

d'(f3j, N) — d'((3j^i, N) + dimN v . 

0<v,v=0 mod(rij) 



By Lemma 4.6, and ( |4.61|) , d'(j3j-\,N) + ^2 0<v dimN v + mod(2) is a constant 
function on each connected component of M(nj). 

From Lemma 4.3, one knows that the Dirac operator D x( - n ^ <&F({3j)(&Fy(/3j)®L(Pj)i 
(i = 1, 2) is well-defined on M(nj). Thus, by using Proposition 4.2, Lemma 4.4, 



( |4.18| ) and ( |4.61| ), for i — 1, 2, h G Z, m G |Z, r = r e or r s , and by applying separately 
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both the first and the second equations of Theorem 1.2 to each connected component of 
M(rij), we get the following identity in K(B), 

(4.62) 

J2 a (- 1 ) d ' % - 1,N)+Eo<v dimNv lnd T {D Y « ® -Fpj-ipO ® , m + e(p, iV), fc) 
= ^ /3 (-l) d '^- 1 ' Ar ) + So<.d^^+flnd T ( J D x ( n ^ g> F(^) ® F{?{f3j) ® L{f3j) u 
m + ei + {%- + (p-l))h,h) 

Here Ea m eans the sum over all the connected components of M(rij). In ( |4.62j ), if 
r = r s , then \i = /i 3 ; if r = r e , then /x = /ij. 

The proof of Theorem 2.7 is complete. ■ 
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